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PREFACE 



This "text lias been written under the auBpices of the School Mathematics 
Study Group as a means of preparing, one to teach the SMSG text Mathematics 
for Junior High School , Volume I. It attempts to develop the, basic content 
necessary to understand and teach the is* torial covered in Volume I of the 
junior high' school/ series. t ' 

Also included throughout* this text are comments on suggested methods of 
presenting this material to seventh graders. Additional helpful hints can be 
found in the SMSG Teacher's Commentary that accompanied Mat homa ties for Junior 
High School, Vol uracil. Thus, it would be quite beneficial for one to study , 
this text covicuri'Cntly with, the ova liable SMSG seventh grade .materials*. 

■Although designed specifically to accompany the aforementioned SMSG text, 
th',; materia]* presented herein .should adequately prepare on? to teach any of 
the so-called "modern" approaches to seventh grade mathematics. Almost ell 
cf these programs have certain key feature.': in common, such as: 

• (h) empiiar.ir. on the rationale of the fuud&jncif al Qpecrat lor.s; 

((..) discussion 'of properties and structure of the number system; 

(c) attention to concept::- of non-metric as" well us nieir>;' geometry: 

(d) exploration of other systems ^fi" numeration as a device for 



strengthening the ur 



iderstundinr of our own decimal systom. 



It has been the experience of teachers who have participated in such pro- 
grams as the SMOG one that seventh g.ra ;•■ youngsters (as veil, as teachers.) chow 
far more intoros' and enthu::i.a.'.rfl in their studies of matht.-mati--.". thgn is the 
case with traditional, programs that present a heavy emphasis on computational 
• techniques. This is not to imply that computation is neglected in the newer 
"approaches; rather it :ic developed vfj,h careful attention pjuld to sm-uning 

"and understanding.. '" , • 

In thl'- te y t, class exercises are interspersed throughout, with answers, * 
given at the co-jcluolqn of each chapter.. Answers to the end oi chapter exer- 
cises are to be found at. the end of tin. hook.' .The exorcises shou'd be com- 
pleted as soon as the material is" road in order to strengthen idea's presented 
within each section. Furthermore, each chapter closes with an additional col- 
' lection of "exercises to provide practice of Key ideas**- A series of maters 

are available for preparing projectualc to use in .-onjauct'ou with the teaching 
* ... 

s^x^-gy-f - "course based o» tnif! book. 
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This Loxl wui; written with the .thought that it -would "be used in an in- 
servile course for which there would he an instructor' or consultant available. 
However, sufficient detarls have been presented throughout so thnt a 'teacher » 
should be abl£ tof master the material indo>pendent.iy . 

AlthcuKh these units are based on Volume' I of Mathematics for Juaio i' Hith'i 
School , it was neeecsax-y to present some ideas that f i.r..;t appear in Volume II 
in order to provide f complete picture in gqko areas. Thus, the set of real 



musbcrs is di,scuss»,jd hero alt 
eighth rrade in mosv;~<exts» 



iOUj 



ire not* i'oniislly treated u:;£il*the 



t • 



X 



. X 






6. 






» 



-K3**3a 



r»*i i^^ajvjK 



.*H. 



T 



^•^liB ^S^M l fe ^S B h 



*" 
r 



Chaster 



r-. 
V 



• • " # * •■ TABLE OF CONTENTS 

% - V 

'■■>• .- < 

intkobuctiok . .'- ^- ' 

SETS . . ** ....... . 

*i,*i .The Concept vl' Gets . . . . 

1.2 Ik-iati. ens Between Setc 

1..J I'ifc^j^c-v t i <>n arsd Union -• T Sets. . . . 
i.-4 Sontehfcs, tins 4iunUi*ji' Li; it, and Tr>:i.:> 

f 

I .y Compound Number Sont-ciK'cs ,..».. 
1 .l C, Sicluslf;:.. i • 

lilJMKixATIOK . ,• • 

..'. . ' tf.iVi.y Iv.-^oral ; •: ;, .j.vr.l.c:iS 



• I'&l-'e 



-:C 



uoi-siiTATior: in' mgk;; otho-, TiiAii to;. 



r 






t. '. 



, .., C: o.\ fi.yxW.:.-. ■ .. • . . . . 
■..',, C !.;• ; :.ni ; : 

Xi t X- iV^-Vwiiiij T.Jli'. ..v.'w.tau... * . 

p,i The Counting Kuisbers bud tise^WhuU- i*^:*.! 



lit.rS. 



♦ » » 



!00 






«gS 



i . I..- i':.'. ' i. . I ■.,',;•':.: ij • 

■ * .' Ui'U-'.'i**. ; U i w < J'O »* + *»••• . * 

:.8 Histories i KOtu ,..,..♦.» 



4.. *. •*, v 



4 






J 



^JW^Wi^^,^7*^^ ; iV-«fc^"^V-^\T-*««Bfa»T(SUQ*^*.'*?»««^^,^^^ 



sao 






Chapter, 



\ 



binary OPERATIONS. 



. fc. 



6.] Addition^. 

6^r Properties of Addition. . i. 
Multiplication. . . .(.,- . 
Properties -of Multiplicatfc 
Ttht Distributive Property 
Subti-action . 



6 



Division 

Operations oh the Integers 



Page 

.127 

*28 



13 9 

1*4 8 



\ 



ATJ5WERG TO CHAPTp EXERCISES 



V 



J 



^ 



** -s *V 



iv 



SsS^iSsw**!* 1 ! 



rcrj^^ftj tfi^O^ ggy 



IJ1TR0BUCTIOM .--—••" 

' Mati..-=wi; - i' -on.'.-rncd vi^^T^ thinro; cum- rcr:\^rjmd fo;no frivolous, 
' noise Lard ond coir.o eary v ,.- > Tn'.' ■u.-oisnuUitioti of idttir.r averiv": =.c :.&... cm t ..• . 
!•!,.- siad^ of fu^*-^ which nutf *e ; ullod lAo U-'Vl.aj-o or n; n-rt r in raatho- / 
>nai: ■;-. >«o "' oIutLon of tin well-Xnovn ;...ros.den, 



^:" , CEHD * • 

* MONEY . 

vV-r-- !-a-h !' '--< or ,ir- -to i.e roplajud unique L,v iv a dlfit to -form a --'orrf-i 
addition : roll. -re, ! r ma^,er,,ui L«>: . "Joinc- vory ::LkiU Im ..-arel'ul reasoning will* 
irodtf-* ;.:.« .-i:i: .,•■ :•. l:i l.:.-".c ' ■ a- ^-' V.iiaM rtudy ro:no of U,i- \i 
:nr;i i ■;• .■■!)! !.;'.'. u foundai. ion \'>>v firmer r.v.jdv . 
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.•anrnr-d u> ' :.■ di verity avu'.lal-lt 
i:. .x'&'lL-i. '.'''!•• ::&;.' 'noo;;-.' our >-•. nd". sv >;.• rausiv wiv.».. W-. r^vy rw.d for n;-0>G- 
,-, ; ! ; UJ . ; - ur •.-.siovj.'.-d,--'-. Tnir analogy riiU.y L-„- carriv>: on in ot.nor vuy;;. Juct 

'i,' :;■«"•■ !■ .':C Oi! ' :1 ' u It- ~US,...»> O- ..' . • =>■<.>..- • ! ■' s <■•■"--> ••* j 

v;.:.xi •'••ft i'i"0:.': f-i i Ov, K , \'j-\> r, nr' :;iin a;:.;^'. 
r vL' .1--. -el, n-.-nrly • \--ryon. fin i.- ro::i= V\\v. K 
•,\ -.v.-. j-.VO!!'- -o.o ■-.•:. v< ii*i f. ndr. -:.-• aiidity "0 
<• :';:.t i for :r:f • ? :;,?r'.i n' : T:.'-r« . r. rome* '. < M.' Oi 
>,,.•>•'- Mi"- i:.<j:"' "'-' - 5 V: i J. -*:".! !:a'n' .tO^ « '.' 'o 
y, un : i >;:.<.• .<i,^> ^:'<. ■>j!"i -ili *"•' i3i\ ;.-::;5.ii. i 'liiHi:, 

only :.&!!,v ...v n ti.iu:-.:-n, Of :i.a>.h.:-:;i:«'. ■ -r . 

■in' ».!■:•■. h-..-.v ">»;•• '. '■" •.■>:t--isd'-d ■:= . I i LI i»*J.<.-r d : r- aionr. lio •»:!■• i *t:-o..i ir 
u:}- Ui rvnd nil fn„ l00J'.c, -.Ra.-i-.-.i::.-:-, 'i ^! i.lvl..-, and !*|^ s.n.ilr:.. ., bud 

!„, : : .ilividr:l -»ii J . ..■.:;ovl. dj.-fl.-: 1-.- in !i*i H!\:-.r Of ItolnV.Sbt.L •:•. T'.OrCurO 

*.:*:•■:• v:.u r--.-.d mi ' '^"O v;ri'. : ( i !\ :;sutr- •:::•! ti-r •.;.••!'•• ur. U..-.:.. .!.-.* ..'v,ud,v, t:^O^C 

w:vr .i::-- ::Ui*.:.- :ani i T, «nd T-i.ui;^ w:.u •••(, furt:,r y;.<l m--ui.. n.-w ia^s^K •• • 

. , . • '■ . ,. ,-,, „ • - , » ! •! • l -i >•• ■• ! ■ - • ; a! 

LVcry dir -ijlii.-. i^r. a vo.'W uiun u. ...l. '.j,u, »..y ... „ .* . : 

vordr, ku -i. a:- ;mi-nVtoi ; >di;uuyniu!ii •;., or •.■.osuao.-i word;- -— w»!i5:j.-:: fM--ivli^d 
to the cub.ioct, cu^'h ac rurr-tion. Thlc L^ ur.ually an aften^.t to ucla^vc j-.jv- 
ciuion and .• :ono.^ in -onur^ni-at tor,, UnfortuneGriy « .iarrott ia rosnoti-cs 
introduced In o dir,-i jd.ine >to hsu:.-K & Jundaiiffintul. ibej: of HnO"du<Lx and to ^ 
as ?■•■'-!• .• ■:• n! :••: •. , ^ 
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.;.!:.> oi." u "red ;d-!.o(-f< d anir.^l n- •: for ridin,; 



*-im 






«^«S 



on or drawl si;-, burden:,," hut the word "horcc" ia not tin: animal, but ic rather 
a symbol for u»- animal, when we write the- cyinbolc u, VI, and ^r- , wo ore 
writing various forma of aamoa for a number eoneent, 1*o bo pre us" ucisneak 
or t!<!- LvTii-olc u, VT, and ^- u;. numeral c wni. 1 :: nai:ie U.o r.MK' nurr.her . There 
arc, of wourr.o, situation? in which thic ucrroo or j-.re'eiaiC' is no-'cac-aiw and 
ot:;er o-.:ar i.ons -vnon this nr-eeicion bu-.-oiik.':, jicdantie. A j .\yoi.cian, when eneak* 
mr to a -oliearjui', niay refer to u j ativnt ' ;: l-roken tiiia vriilo.the uationt Is 
•ontenl "0t> nreak of a broken ler. 

«e mii'j.t u; euk oi" tiie nuiaber1r-*iiAjo;jo nuiik'rtiL;' arv J, . 



. j, and " . Thi: 

would . bv j i'ri'b.'tl,v -•orre-t. However, vc fr> 'cuently -hoore to writ'.< "the num- 
i •'•••"••'• i.* » J, : s::d .'.'; and tr.ict- t:u- ■ jonto:-n. will jsak. our me;mi;;>; leur. - 

* i '• ; -• d- . LruvU- t,ha; luillr know t !:■ >b ;" > i;: "\ Ion i •••'; v •.•:>. !yi."s<-r;!J and 
;uu::icj-. ,".ir ".•..•i::;; Ic, wi; s-.- ; y wl-,-,-, to vfrl. !.••■: 
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.In.-f-1-l . 
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• •-/ : . i, \i' ' : . Oi 



n ' 1 I 



..or; 



cosjI .of l:...- ti.i ;■, 
/ 



"4,u ". 



:n ::Jin;;.» vuru.- 



>:.,<)!'•: . c :. 



,;. '.''>i>.!-. - ar- • 



l./<;i ".. . ;')!i,'. , ,'ijjd "v>-> t i V' 'i!: Hi.ii.-Ji" So;; 



\.< -> 



. ;*'< 



j..'.U!t.' r ; ;.•, <.ul .<!.-.•• ., .. <;' Mai.:.< ."i.vs" «. 
).U.. 1.;-i : i:iii :.! i •• lo!". if: ' • 



a--;. 



wnl.;r< .-.'.Hj ;.<■>• V. on< '• «;:,• , A |-iirt u 
UJfUl ' •..■ ;■(. -d' if, '. i.-.t.- ■:-■.••; i: -a! ", \r...d 
'A ( ;ood ti.::K io return la ru •;, mat-rial 1. 



^ju- J;;: : :or :i;.- : f -nOci ,i ! L.j-1 ra:.- : 
:;^ - :,a: t.' r ', : •.is;.' *;•..>* '< :• , ; , ;.o do 

..-■i".. is -.-Ms! V.-r -o..id ; «• -[jv- r- d 
;jii t.-.'. r< f. ; o. ti on" d £.";-. J 1, jal-.r. 
,;i:s:t ii'bojx- vufutiiiii: , • 



jn ivuruver Game 



* The UiteJt-e.-t of' tu" :"l.ud--nt mirht be aroucod" bv blavins- a <v->rv .-.im: ]. ' 
■ • * ■ . ' ' ' • 

ii".t!St-.:3' : u:::- . li'.-J'- I. ;; , ai::- - nil:. : ],;:;; !• j'ujf-r' for ' v;0 ; 1 <! > :\ , 'JO rj- ;• ■<"! ; > 
the >_*u:;. : e. v> *:!] ■;;il '•.'.«■ \ l;,yi-)r ft una b, Vrov.. mnou.- :.:...■ u.iy.u ■■<-•■ i, ,« 
Sf -'j 1»» *■■> ;-iays.:i- A ;-i.eiu ; . a number. Elayer ]■ then su'-kc a nuinL'oi-, iirain 
from I, V, 3, : -,%>, ^ and adds it to the dumber A pieHod. it ir, now A* a 



?;•; ana a;:a,- 



-»V 



d'.f.r 



-* - •< 



»^yy t»^-=^«=^- 



>i 



*■ , 



v 
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'game oontinuoG in tide fashion. The game Is won by the player who ic aUe op 
' his turn to pk-k tV,e number, from 1/ •-, 3, ; ', 5, *, wh ^ h «» kes tliC total ^ 



sum i>o. The same numbe 



her may fcc picked as niany times a? der-ir^d. 



A -choose: 

A choone:, 

A ^hob.'<». 

A choo:;e: 

A chou: • • 

A ehoo:\e. 

A .-iu.>o :■-'•. 



1; 



A iWitnpl" Game 



:b chocS'.Js <'*; i' ; l + 




■» '« 



^> B ehno :-.<■>:- 



'..; + '.s = 11 



M" +(! = ■<• 






i'aUr of!' the -la:;;: "Km? err and play thL- ra*n . Ca; ' i JOU lliid u h aUi /' ;i ihia 
will enoi le you to always win this r;c««o? 

| I;-, thin raathoHsaUoc? w e would <. # y it i.s, for n-arorf and d',du«-v1o::.f.Uovf 

YOU uO#tjJiG •»»» J ^*-- ;i> w% w jux ^ ., ~w..w » *• 

in t!.c- « 'la-croon-; it may he varU-d. For c^arapk , t.'.o faw.- ;nuy*< • *< -la.-.od- -'l t..^ 
the' nurakjru 1, • , i, ' : .. i>» W * an(i ™«" li C ' u, » ^-" T: '' ; ^ : " rc ' ° f '° ;r;;,> » 

Thk tame ir oit\->:araj-le or a nMit!i«.-raati-Mi i roi it-is (or i *"-!<:) vhlch may 
b,, folvt-fl without any formal knowledrc or nall.c roatlc::. II k urcurkv t.o ploy 
and it is ploasuraUo to discover the strate C y oi *>.*• came. Clue, thore arc 
variation:.-. In vl.L-!. th- winning r.trato^- ir not nu.-h -!^nr. d, -.-nany students 
have an on ortunit*: to make a <i\: -ovc-ry. 
\ " In the runoiwor of this k-.trpduotion w«- :J.aiy->;an»ine in d«-tail come 
problems which are typical oi' thou* filven in Chapt^- i oi^ Mati^mati-t; Vor 
Junior Hitf.h School , Volume I. 'fhor* ur-:- many rueh proMi-rac; their ob.i.-t i-.i 
to increase .intfrcEt in.«atl.wSatICG. Tncy chouXd not be allowed to beooix 
frustrating. A simple luoction at the right time may lead the student or 
class in the right direction. 
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Ki-K-'it' marble r ail navo the ;-:.«in«v''r-.i zf^ .>oior, ond rha; 



^c-von oi" t»on :<uve tiiV*"sa?n<j wSrrivt an:i the- other 






U;u:;(; a t-iOa.i-f; G«ulc, how vou-'d you vind the heavy rsari. 
•f yo;s Hy-ik;- only t vo vc I £i ;]/*•;;:? * 



Ti:--.'!"' - «ii\ :;i£xiiy vas'i one :t>. I j - rr i. ivrin to -Tu'h Oh 'his s ixji !<»"!. Ma?;y 
j.-UitteriU' , IrQwfver, .'socitatu to :. ^in la;=;auo<? oh u.t rolativuiv lar^.- r.mut 
or.Riar! 1;*; involv-d. Thi;; dJfn-uUv o;.vuzt i:. :;^a?r.- *; T'oi.li ~n f»v.d mu-k-at 
rhouid ! •- -n \>urti(-c J lo *! nvont r. L?; 1 1 u r ! ut --urh-r . roi ]•::-,:• to ie r.oiv>d f 
i.'.i !■>., ;.' -:."iu> - ! i,-\ ! ro*. it':::s is & j/ood '-'xun:: ],'• o.'' is ; j\" ].>.•". I.. 1 ! «'. ; ,i"'i. i:,is :sev 



ros i '■:;;: • vo ::,;;;-: 



'.:.(.• :,c-.'>w o:'i< 



\Jis" .'iifcij 
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U- l!-.-uvi--i s u.e:; •„::•.• oi.::---:". iJvte-Thnc v:,i •;. ;nan 1< 
w, ' s.t 1 5* !'i'-< •• i!.' . o i j ' !o:. •.']' " ;..;, ■ ,"»r, 1";;; ,l' ..>i 




iiow Oil' in Ki 



'•!)-'Our':t'* *J '-'..> i-OOK (si 



V"! I' 



R. ;,u:;:.ii i- ,t.o dft.--n:u}ir ■*..'.•• - ! s<-'iW mar; -it .\ih on- - ,'-; ,-t.iu. '; 
rhnuld nov -omc ^ t:.- ■asi'-l'isie.: 






placed in each pah (tray) of th 
S^ *ls a ne*»d to consider eases, 
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;i , i3sv«»>i«,-v.*«\Me£Ta^Hv^r,'^ii.v*;v i "kirR.'iw>..^v. 



While J" • i& not reoonineud^ that the students work their way case by 
,-,..., ... * u>ii' tvre of f ir»Jt narblcc, a Tew more cases my bo helpful. Can 
tU- in-avy snarl-- lc> atnori£ Xour marblos always ho determined In gne weigiji.-f.? 
In two <olrl.int.r? Having done the problem for four marblec, the proi-lem of 

i-Lve earlier Lc "t'd,ly done. 

^_. ,.,,.;.,.. + .,,> ,-.«-.^ virh a -.mall'..-r number ox' warble:: har served the purpose 
,,*> -,„=,(.... ♦ >,. . r nM-Tn rf.-eni Icpc formidable and t Lvoc sucKCc-Uons for doln C 
t!.- iroil'^or ■ iyi.t aunlcs. We mu,a be ,-arerur, however, that our s P e -ial 
oa : .w:: do not "ur:le;,d uc. It may a; roar for trie caueL. already done that there 
Lp a dift- r.^i way to chart in'.!,. >ar- o;\ an ev-n nunher nf ^rllec and an 

,, ,, ,. „„,., ,,.„. v - a ;;.,. , ro . i.. n y .-b-ht martlet, it R&o "^ !n — at 

th ,; j'; r: -. „■«.■;,•!. ju t - ri.oalu U four r^rl lex arai.net four fcarl-1-r . Ti;lr would 
,,.■>... i< . v . ■• •• -.jij .-.-■; io" or Jour ;;iarl>le:j -uataihG the tieyvy nuirrle. 

,....,>... ,,.,-, ],.,- < ; .,• ■ < <,:\>'-; two w-iyhinrs to dot* naine 



v.e :'i:!OV. ■ ,! 

a !.'--*;vy ™» 

-.:.ul: r-qalr-- ihr-.-- ■..•ri,::;.L:irr . i: i" i-" ; 
^:,i:: 1, isO". '.!.v wj.-y to ^G itl 

T:.'- ■ ! •:;•••:.- t»ry di.;-t • n>"t Ion i ■' t'-tvfi • 



OLsrl: !''• to do "U.e- : ro*. 



a; ■•: 



,t.> i ■ ■ i 



i » 



will 



x , I'tixl i ;.■; 



« ■ > i!>, *^ f: 



ves. uiid odd wi.i •;•. muy :-ee:a to !:.di- 
., .,;,.. ,.,., r , •%•!>;';] t:.v '-!••:< ;.att<r:i. It miiV 

,. .i, ! i ,,.,..-,. . i- ,v" ;■;•;•<•;• J"'.", ": to Lndi ''^t<.> h iUtte:'*: 

on--- jB'.t-r:.. H" you :.ov.. :u\--l;; tacr-.d -aVi: 
•;,;. y-u. ;:,a!t ^-y vu!!.d a.-.-' r; :?•::.• ;. : : oiil what 
, • >\i' ;ai.t-r:, ;:.^y -' ' :it 'W r.-d 



, ■.' * .• « l * 



-: 1, 



; i- 1 (';■ • J^l.. -■.'*-* \v',l"LtI 0»; ,: "-' W'^'lJ'^liJt^ 



..iiu, i. - o:' d.t -ov- •:•..• . 
(-rot-ler. ::say ,.:o:r.v- 1 uue : 



•:.].,- of a::.o;.. two rr^n l'-r i> ' 
tid .'.,1 i. .- t. • y.a.U-r.tc^ 'O:;.; !• 
-"■:•:.• "::.: ll--d :..&"- tf.l." ; roi l>-iu :::-: ! - <■ ■"'''•'' * ; •• *- : -'- •'" 
V.:.: : ; :.• = :• i ■-••.-> .w.ow:, ! :. : :.ftl '■"9-4^nur i! ;ly .-o::;: 1 o: 



.. ^ „ ~.. ,.i .;•>-,• ,.!•• if i..-ocLif>- '-orr-'-t answer:; ^- ri<i '-quulA' 



'l-ortam. vJci ti.ey nox '- <••• for-.-d ints 
I 



ra!;ie :;soy^ 



sod-- oi' thoari.t.ai theLr twa.'!:ern. 



•la:;!- oC irai-lim. «>•** i-ropoced ori£ 



v-:.-ir:J.ll 



ii^ii,. . 






1 .•■ 



feiE^ 



l| «y~.--- - ■ - 






f-" i «S^«? J J«»J.»»*' I 



Among six coins identical in appearance there is one 
^•ountcr-'eit coin. It, is kuov.n that tbe counterfeit 1r >aade 
from impure metal and does not weigh th*. same a.o the genuine 
coins. What is the smallest numbei of wcitrTiirjfc-s with a b»an! 
balance which woul'd be required to locate the counterfeit 
...•oint Will the answer change with additional retjui relents? 
Are additional welt-hin^c required to determine whether the 
false -oin Ls too heavy or too lirht? 



U:ii -ur.'-.tii r 



:m0,'; .•.".I.i.di" :i liSVv '-\,]T,cd 01 ;.roi len;£ ui.i ■: ':us «..'i- -inat, 1 -ians cull Unl"'urr>al 
j-ro! !• :•.:.. A i'L,-iro ; C : .iy.>:. -osq-or:.-"d of re^eiKj;, eitner lint- t^T^itr. or 
v-ui-vu-u, u:;d the H-syer ic r^rsirnd - ■.-. trace the firitre without lifting his 
:.e:)',I tin.; w;u..,;u; r<-t ru •■ '.:•;/ a cyju-cvi. w;.i . : . S r aiivady U-on -ov.-r.-d, Try 





/ 





Anyone vho ha« attested one of the pussier; will ne s-urprlcd to learn that 
. M,!: *!-v " w ° ^wJvi'wtaiidint; tnesj. ts satneinai.lgs, A^ain, no involved nat hems, ties 
it; required. Uiiieurr.ai pros. len;e, are another , ood 1 lluctrat ion o«* t;,~ :.>q •„•.<-. r 
and versatility of mathematics. 



u 



*■*»» j^ff*MM^T^Tf ^ ' iifiji «pji JHju'j i tj^ wis^w sawwftast^mawMM Kn sum ^y r>ii ' i ;j« j A^-n^^ 



l i >$s£**ttti5= 5=s*:^ii'^«*!jWi«!<*?^ : 






\ 



Again, let us bet in by examining some simple problems. Let us see how a 

student mi^ht to embraced to laake discoveries, 




T> 



!t > n-uro above* U oa;;ilv traced ^ccoi-linr V. the rules. Also tb6 figure 




ra;!.".t i •■ ■'■■■•• ; 
v.i'^.'-.-.-Ul a 



That ':.-, v:. 
at A? 



athout vU.i^tiri t,,- ^u,.,... lh tU„ .",.- a little euro 
,, S . A tfa.-ln." u! : i /:. «■ cv, t:.- rulo, .f th- -n.^:, or what v 

: -on;;;';)] t«r.'i:sr, cannot be^In at A but must bey in at B 

•-, :"or thl.: ctate-nent. 
. ucov.-jt'ul tr*it;-u '. ;' i - 






r • > ! *'.■.• ::.fiV aJ. ■ 






.>,>->,! ,-1 . 



T.ri'-v-l •: ' ~ .'.-:i'M 




end at 



•: nful tva.-IfiL* Lq'i 1 ! hi. 
i <-,■ i i\ <>i' v.M'I ut C ; 



w:.v :::u;.i. 



•..;■» ' i:t L 




at any point* 



;C , rji'ur*- fcbov-:-? If. it 1.3 ro^UIc, niuy vou c:turt 



xi 



^r-- 



'^^S^^^^W^f^S^™"™*^--". 



X 



'^v?5|Wrc»*i3S 



t|i-f"';r~i — i -p- | .-. )rw .j^ 1| ..j. ( ---. -Tj- iM rirrrfc' j;~| 



t^i^SSSBJKf 



Wo would like to make some general statements about these problems, if 
possible. The rule- which cays the pencil is not to be lifted from the mpei\ 
tells us th a', a figure composed of two 'lis joint Jsartsy cannot W^ traced success- 
fully. To u;.:e a le.'hni-oai word: Any PLyure which can be traced according to 
the ruler. tnuc;t be connecte d. In the last four figures, do the answers coneern- 
inr. trticinr depend on the nuiuuer of segments meeting at a point? 
i;:c o;-:a;.'-! -!■..•:; indicate that the noiuti-in say not depone upon the total number 
r>:' :•■■ "S-iif «t n :-w:-:it; rather, th- ■ xajnpi-T. in iiev-.to ft difference accordin-- 
to ta<* :-i!-ii.v i*' t-i<- n'ffiisH 1 ;' -;;' •.>•'•-.•!!. >ntr at u point. Parity jvper:; to the 
:•;••'.• •' <" *••• ' !■' •■'. '.•■«■•.■>.;. i!k ■'•xj.isipi.;:- ; ;u -,-.•; -,t that a :--u -ceesfel tra-inr 
d" -J :•: ■■ = :•'# vlth ;«:np->dd :r- ;:!;!-•:■ ,«•' .,•.- ;:::ent:; ;rt n : »i nt viii hv-Ln or <>ad at 
1,!?,i 5"'" i:j: - ■'■' r " : . !: ' ;: 't ■'■'• t:. :•••■:•.; .- - ( r.o:.t (:j-t .f - t l .-.,-.-. r i-L.-u.v-) it ir 



f . , 



,.\ 



■ !, i 



l!-i 'i!: ..'I'l'::. 



! i'!v . I ,'tkt .:. :" 



,......:. 



..' :: t 



..lit 






nTo'-': ---vint 
' ":?r-ntr vj 



1.: not n ,;tu!'lih,' p.»i:,t •:' .-.• ", n-e--. \:;'ui tr-n-ih ;;n.'l i>- th-- ■•::! p>int; th 
traeinc jjmct rrtop at the point. 

h'-t ■;-, ivvivW ti'ii. ;:..i:ici':;:io;;. We 
an odd numhi'r of ner:T>entf: 



in odd p.^int, -i point with 



:;».: :•>-•;••!-! -.;;■! r tnat IP it ir not M r.turUnh" point 






: .-! + >n 



n]u r pul; : t ,.T,i. •!; i.: ihA. Hi ; • a! .psint ir, -t rj-nrtiiv p'dnt. WV ~<>.y 



:;uy that ?in 
L aerify the 



pOiute oi" s. i'uci'e;;!: fui traei;; • re;; -tarti^r nni'it ' «t" w>.i.i; -+•>•> v. .^ !.••#-. f1 ^j-> 
end. ps'isnt. An ot'i<l ?"»oi?"j"L whieh is n»~>"t th^ fttst'tir.-* ivo^r-'t "^u~t '^e ♦•h- .■>>•„>'' 
puinl. A:: .1 i 1 j-oint. cae nut U- an irit'-r^^.-tl.-.te !»j ; 'it» T'-u, n-i ■,<'-* .<.--;.'i* 
wnie:- ir net the r-nd pe.int :au;:t he the ::u..rtine nednt. 



1 
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In a* possible tracing problem each odd point must be a starting point or 

end point. Since, according to the rules, there can be at most -one starting 
point and one end point, a figure which has more than two odd points , cannot be 
traced successfully. ' . „ 



Is it possit Le to trace these figures without lifting, your pencil and 
wit-out retracing any segments? . _ t 



(a) 




tb) 




(c). 




(d). 




> 



Uni'-'urral proMek;. or traeinr ijrobl-.-ras, hav- ,n hon-rablo place . in mathomatic 
The mathematician, Eulur, (ifOY-lYH ; ) ™ : - th-- ri r.--t to systematically study 
thene pyc.xleG in or .ncction with-tlv Koenigsberg bridge problem, Euler was 
a prolific mathematician; hi a collect.-! *•.»*:: "ir- r-tliJ ^'in,; edited. 
It L:; estimated that over sixty lar^e vol ukiv:-. -■ : 1 1 h'-- re-qui red . An.-'-n, ; his 
many int^recti: «er« the- properties or fierce in cpace. 





' 1^ sphere with a handle 

I For example, Eylor was ths first to nive a mathematical way' of differentiate 

__ • kg betw.cn tjR^ two Q^r*:: wit!,** savin;; 'V^-re with a ha^ilv" - 

• Euler«K solving of this problem and the Unic ureal problem was a part, of 

|v • the beginning of that branch of mathematics known as topolouy. 

3W 3 *-" " -Bale* wrote marry aathenatical tefts. Vt-^as been 'claimed that until 

f^s.,.,.. * - '■ . . ' • i ' • •■ 

; "the recent flurry of the n*W ttfxt;:, evory'hlrh ."cnool mathematics text 

< J s ^ s ** feK '^g^~ _ g;" revi r.lr'vh nf Bulsr* s t*xts. •' • 

r " . / 

"5=3?,. ... h . ,. XI li f ♦ 
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Counting Problems , ,. 

In a school olass of 35 -upllo, all the punils take either French or 
German; 21 studentc arc enroled in French and 17 are enrolled in German. 
How many students are enrolled in both French and Gera&rs? 

This is an excmple of one- form of counting problem. Let us analyse- this 
problem. There must be some students enrolled in both French and German, for 
otherwise there would. have to be 38 = :>1 + 17 students in the class. When ■■ 
-.0 add .:, 1 and 1.7 we are counting among the .- 1 -those students who are 
takine only French aw? those who are takinf, both French and German. Among the 
If we arain count those studentc who are taking both French and German. The 
sum, j*> ^ if + : 1, roprecentr. the number of thoi^e ct idents taking only French, 
thosi- rtadt nts lakitn: only German, and ^vi ! ;e the nutter or students taking: 
both French and Gorman. T.ne number j^ it; the cuu\ of tne nurcher of those 
Lokinr ■ - :; ly I'rer.e.'i, those Inking ••■;' 1 y Gortnfci'i; and the number taking both French 

and Gvr;:ian. 

* * . 

Pre:; c, -»- GccTsn + B01,*. . -, : , 
Frc ::•.':, -» German + ." y both - j\' 

1 

. . % 

how vc :->.:<• wj.at :.:.<;• iru-;:. or fa.\i:> ? :o;.:, 1 at!.; .ifa, : ••:■:• ::!ur;l ;. •_• 3* Fron \n I y we :r.ay 
::., t:.c- h.i;i:L 1 r "..aklnr only ••'r.vn--h, t:.e na;:;: <•>• i.aklnf only 






<jvr:;:en . 

Ar- w ro::(C v.':.H'. ".-or': -o::c 
:*avc : - . 



* >«*• * *. \ 



it; u '1^:;- uf • : ;. rt.ud< ntn, all of whon: nr-: iviiahx,!! to 
T-jtrx a foreign ia^'uEti-, ,.* s-vi-udentij are enrolled in Frcncn, 
1,;^ rtudr-nt:;. arc enrolled In G- vu.h:>, and Hi are taking 
H-;.;r. Ion. Ko uth-r for'-ira Lanruu^-t: c ar*.- oifcr'-d, i 1 . -ir uiro 
^ Know.-! i;;ul 31, ui-; >•:«■*>]. i. • -d lis i''rv-u--i, and UC-naan, . .. i,u 
.G'-nisan and * Hurr Lani and' : • in Fro; ;..•:; and Hu:;:;iars. Arc uny 
rWdorstc i&kuv tnroe lanruarca? I;' s.o, uov snaiiy? ' 

The. similarity between this problem and the preceding onec it clear". The 
■. similarity may y-jfrput thaw we be/^in the problem as .before. If we add hh . 
. 125, , and- 83 to obtain jl.0, we find we have accounted Poa the students: who 
ajy wSr..'^_ >.-«x.) lan^a^'V. i.w;oc. xnat iu f & svuUviit wiio iii l-aKin^ French as4d 
Russian has been counted in the v 1 ' student;: taking French and a,-ain in the 
BS students taking Rurrian. Thus, it is not :;urprleinr< that the sum, 31G, 
'Owseda. tfse total number of students, 22$. Suppose ve attempt to represent 
the total nur.t-er of i'tuUentc. Ln tcrrau oi' tiic- numicr t.akLn, : '* li.c va:'i*>uc ianruayei;. 
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' Tlius, from,. 310 - ( ,A + ipB + 88 '.e'must subtract the. duplications. With 
some care the student may complete the solution in this fashion. 

Cautiqn : Subtraction to eliminate the duplication may result in other . 
duplications. (There are exactly ,*■'• students taking all^three languages.) 

In the next- chapters we will see how, with the aid of a little^ mathematical 
notation and knowledge, the reasoning needed to do this problem way be Much 
simplified. 

Soir.e of the raa:iy facets oi' matheraatier; have been introduced in the prob- 
lems we hove discussed. As examples of some other aspects of jnathematles to 
come'Ve will list some problems which you nay thi*A about and even solve now 
•but whose solutions will be natural consequences of, the material to be studied' 
Later. Ansvvrs to these and the other problems presented in this irft.ro duct Lon 
are included ut the end 01' the text with the chapter exercise answers. 

'Inert are three houses on a street. At the curb there 
are three utilities; water, ele^triei'c-y, and pas. Is it 
possible to connect* eaep utility to each .house without- lh<- 
'connections cross int.' each other? 

Oi. Jc;:tr. are to be weighed op. a baianerf scale by eospariny 
thc-m wit!: standard weights. If you» wii;;: tol weir,h|Ol jyets, m 
jou rr.it:, 1 ftwrvii 1 ;<ouik! and e-j, pound:;, wrmaO'oVil-d ie tn 
snort '. fl'P-ient net oi' u'tondtird welp:.ieV (HIT icient\:neann the 
rina !.lr- rt. t-orKU'lf number of weight::.' 
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Chapter 1 
SETS " 



Intr oduction • , ' . • 

*•— — ~— ^— ~-— , 

Several questions usually arise among mathematicians , educators, pupils 

and paronts absut the pedagogical soundness of the teaching of sets and set 

language. Questions are raised as to why, where, when, a*nd, how sets should be 

» * • *» - 

introduced in the seventh .grade curriculum. Some argue that a separate chapter 

should be included; some say that concepts of Gets should he introduced as they 

are needed; and come educators claim that sets are not needed at all to be 

"modern." 
* 

There is merit in each gf these viewpoints, but in this book we will tak«"~ 

the position that for the junior high school youngsters set language shou.M be 
presented primarily as it is needed to c la ri fy mathematical concepts. The 
reason that we ere including these concepts in a separate chapter in this text 
is that, because of tne limited tim • a teacher has available to spend on an 
in-service program of this nature, familiarity with set language will expedite 
our presentation of other mathematical ideas appearing in later chapters. The 
language of sets will giv" :s a precise way of talking about certain number 
ideas, properties of operations, and geometrical concepts. 



V 
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1.1 The Ccbcept 



: 2l Sets - 

We cay that." « set is a well - defined collection £f objects . What is meant 
by this? Certainly we know what is meant by a collection: ... A bunch of bananas, 
? .a herd' of elephants, a set of dishes, the things on ray desk, and, so' on. When 
L_ ve say it is weli>defined, we must be certain that the description allows us to 
fc~* ait *raine. without ambiguity whether or not. an element belongs to the set. The 
k» objects in a set need not be related in any way except that we treat them. as -a 
fc" eljiigle group> For example-, the set consisting of the number 5, ^the-vord 
: • "Tuesday," and the moon is £ well-defined collection. However, Jn me thane ties 
- we usually speak of sets with elements that have some property in common. For 

p example, the set of whole numbers, the set of primes, or the set of points on 

«i ■ » 
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Ther* are many wt^s of ^describing a set. For example, each of the follow- 

\ » 

ing describe the same set: 

J The set of whole number? between '? nnd 1? . 

The set of whole numbers from 7 through 11, i- elusive. 

•The numbers "J, 8, 9, 10, and 11, 

(7, 8, 9/10, 11) 

(8, 10, 11, Q, 7) 



Notice the use of braces, 1 }, with the members or - elements of the set 
included between them.' Frequently, an arbitrary capital letter is use9 to 
name the set. 

M = (7, 6, 9, 10, 11) 

V • * 

The "thint's" in a set need, not be objects you can touch or sees The set 

, of aH Beethoven symphpnies does not certain any .concrete objects. .You may 

have heard some of its members, however. The set of all football teasis in the 

— 
-» •. * 

Unite,] States is a Set whose members are themselves sets of flayers. 

Sometimes the symbol "c" (stylised Greek letter, *psilon) is used to mean 

"is a member' of ," or "is an clement of," Thus ve can express the fact that the 

number "' is a member of set H «above hv writing: 

7 

Sf M . 
*-* 

W«- o an express the fact that the number 6 is not a member of net M by 

vritinc . ''■* . » 

, 6 \ M . 

At times w« encounter a set which contains no members. Such a cot is 
called the "nui • set" or the "esspty set," and is designated by { ] or 0. 
Ii" cet B is the set of all odd whole numbers- loss than 1, then set B- has 
no members and we can write B 0. Another example, of the empty set is the 
set of United States cities located in the province of Manitoba, Canada. 

Often it is inconvenient to list all the members of a set within braces. 
The„jet of letters of the English alphabet could be shown as E - { a, b, c, . ,.,£}, 
Here a pattern has been established and the three dots mean "and so on in like 
-manner" to z. .The eet of whole numbers may be shown ( as W ~ {0,l.,2,3,-'i, ... }. 
The fact that no element is named after the ellipsis (...) implies that the 
listing of «lements does not terminate but rather continues oft In the, same 
pattern without end. Such a set is called an infinite set. A finite set is 
. a set whiqh may be counted with the counting coming to an end. Set K above 
is #n ex«imp ; le 6f .a 'finite self -while set •■ W * illustrates m infinite set. • _* 
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Some other examples of finite sets are: 
s. 

..P - |2,.'!, 6,8,10); 

the empty set, 0; 

the set' of people in the Uni-ted States of .America, 

Some additional i of i nit 2 sets are: ' ■ * 



«» 



the multiples of ;?,>?; 
the "points on » line; 

the set of prime numbers. 



Class Exerci 



s 



1. Tell whether or not each of the following sets is well-defined. 
* — a. ^ The- set of states of the United Gtates bordering the Pacific Ocean, 
b. The set of small states in the United Gtates. 
•j, ■ The set of all whole numbers which 'are not multiples of > 

d. The set of all whole numbers between and 1, 

e. Tie letters which are in the name of your school and not in 
your, last name. 

i 

Describe each of the following sets, in at least two other .ways: 

a. Aj.1 odd whole numbers from 1 to 12 inclusive. 

b. M- {10,20,30, ...,100). 
q. The uet of integers greater than ".0. 

d. The s<-t oi' whole numbers^between 20 and <0 and greater tba^ 00. 

Teli whether or not each -of the following is true «*>,- false and explain 
your reasoning. 

b. {0} = 

c." {0} •* 

d» 1? i (5,6,7,8, * •*} 

e. t«s,f,d} £ {f,e,d~b 

f. .'O i !'.!, ft t o o,<l , v 
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1.1 Vf^jtjii 9« ■■ 1,5^, jm-» 



Classify the following sets as finite or infinite.', 

a. Set of ail whole numbers which are multiples of 5» 

b. Set of all numbers x such that x + 1 = x.> ' , ■ 

c. Set of grains of sand on the beach- of Coney Island, 
d„ Set of all positive integers smaller than 0. 

e. All mathematics textbooiu in the United States. 

Let M = I i,P, 7 ,...,*•;). What are the elements of this set? (Beware.) 
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1 , ;? !<• ■ at! oris Between - opts 

Consider the set of the first thr-e letters of the alphabet, A - {a,b,c}, 
and the set ccntaininr: the letters of the wordt-ab, B = [c,a,b}'_. Since the 
ovdor in whl':h the members of a set are listed is i.-xnaterial , we .can say, that 
these two sets are identic al or equal .* This -an be written as A,- B. 
(ikmesrsber " ■• " here meann "names ureci^dy the sane thin,;-.") 

Think of the seW A =- !a,h, :. . . . ,« J . cuvi C t. (J ,2, %, . . ,,2o3 . A -notching 
or cne-to-one ' Correspondence may ie ii lur.t rat v<i between these two sets a^ 
follows: 

A one-to-one yorreypouden^ associate;; each oiejaent of set A to an 
element of >>vt C ar u l each element of sot C to an element of set A. 
* Ohv i ousiv o-tiior !not«''hin}' ;: fir<- possible witn the same two set:;. 

Certainly set A is not equal t.. <:*t C, A / C, since they <io not ha^ 
the. ?ats<! elements. However, they <]o havr the same cardinality ; that is,' the 
same numuer of members. Therefore, wt- oay that set A is equivalent to 
set C. The equivalence of two sftts it' frequently written as: A*— + C. 
Remember, two sets are equivalent" if -the elements of each can be put in a 
one-to-one. correspondence. 

It shoulo be apparent from the- definitions *that> all -qua! nets are 
equivalent, but not all- equivalent sets are equal. 

I*- *.,,., -- + ,-• i-i— r ",— t.* , i^-.--V" i^ f>{-,~w»<-.>-< vr-. «»•./ the"' are disjoint. For 

example, consider the sets R - l6,6,12,l»i'} and C * (5,7,9). ^bte that ft" 
and S have no CQBJoon meatoers. Obaref ore, ue say that S an<3 S are 'dls- ; 

Joint sets. ' 

_ . .. -?3. . ♦ -. ' '-. ' 



-* taaSi 






©link of the set of members of your claa^, C. The set of boys In your 
class, B, is a subset of the set of members of your ciats. This may be 
represented by drawing a sketch, often called r "Venn" diagram. 



Studtnt* in 
Your Clot* 

(Set C) 




To write' this re.lstionr.hip in mathematical language we use the symbol " C " 
which may be reed "is a subset of' 1 or "is contained in." You can now write: 
BCC, 

The diarrarr, at the rir,ht illustrates 
that the Get of all red flowers is a a fbset 
of the set of all Hovers. Let the set 
of all red flpvcrs L-e called - and the- 
se! Oa a.ll i'inwers be i:a21od F. Tho 
relationship of K and F can then he- 
written at: PQ, K. 

mh'tr in th< f- .] 1 •'-•«! n,* V. nr, diagram that the :;<-t >r a] 3 red flowers 
boIo>y.:; to thv set .f. all flowers , 'and that **e aet ->f ali tulip:: also belongs 
to the set -<i" all -'iworr: 





Let the set, of all tulips be called T. The above relationship ^nay now Ik 
expressed as: 






What can you uav about thr reiatfJTJKchip oi' nets H and T ? ~i<<\\ would w>r- 
tainly have to say that sums tulips- are red and are thus contained In set ri. 
jp Jhis is why the sets R and T are shown as overlapping ovals In the diagram, 
SssBvjtt you e*rt£iftly cannot say ttjat T f . Is true. Why not? 
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As another example let ub find aJ L the subsets of b * (1,3,!?). They 
would be: U), u), ; >), fl,Jj, (1,5)> 13,:?), U,,i,:>), ^d the empty set, 0. 
Any set X a uubcet of itccl", and the empty ret ic considered tc be a subset 
of every set. This rray be a liv.tle .clearer" 3 2" yea consider the -et (Torn,. 
Di.k, Harry}, whore we now think 01' the- set, of three beys phese naaiet. are 
Tom, Dick, and Harry, and not the set of three words --"Tom," "Dit-k," and 
"Han"-." We nov acR: "In how ninny vavs eoald you ask none or some of the 
three boys to j/6 %©■ the ball game Willi you?" The answer is that you uouid 
ask any one o$ then;, or any two of them, o.- all three of thiin, 'or none of 
theni. Thus, the subsets are; {Tomj- (Lick}, {Harry }, "(Torn, Dick), (Ton, 
Hwry}, (Dick, Hany}, {Toss, Dl k, HarryJ, and 0. 

Wi- r'ai) sttile' thi:; consent of a subset in inathemali-'a'i ia;i£uatC as I'ollowt 

" '"• .If every element of a ::et S belongs to a set f, then 
. Li ]5 caid to We a subcet of T. We :;ay t.\at C iu 
contained La T; that is, S £ *•'. . 

A'li-o, . ' 

S Id a 5. roper ."ut ret of T if f C '"» G / " "• 

j-or e,xa;iij ie, Use proper r.ut.r.et:: u! tci. jj • i *-,.;<,,„; .-o-u.j < e t^u >-•; v;»c 
subset:- of b except b Lu-elf; naraely : & U ) , u), t>), U',.>}, ii,'.A, arid. 

" I J , 'J J • . '" ' * 

1 SoesttiRi'-i: tiit cymi ol £ It ur.'-d to rej.n-.'fiK, "i:; a ;Ui rd of ' and i.:.e 
cyiTi! ol C u:;ed only to rcj. recent "if. a [ roj,i .• rui ret nf." 
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C. 1>raw Verm diajraiar iilu-r.trat.itH: *-••■• following relationships: 

a. E Ie a proper cut-set of .A. /V 

" b. B • and D are proper i-ubi^ts of A, ami B and\ D are disjoint. 

c. B and C are proper subsets of A, and h and G are not 
disjoint. ' • 

a. Find K, t'ne set of all nujnfc<3rs tt-lonciKu to both : and T. 

Is K a subset of C ? of I! Draw a Venn diatjrjys illustratlne 

tMli. 

• >»<\> 

B^r-nn^Ksg-^ — % • * • ■ ■ • ' * f - - 






« 



«»W^«BS 



*tWW g." « giMff 'W a SHM f fe,* 



\ 



- ♦ 



b. Pind M,. the set of all numbers ea=. x h of which belonpi" to S or 
\G T or to both. (We Mover include ti.c : aj;u.- isujnter lac/t thai; , 
on •? in a set.) In M a subset ox' S *i I r.~ "<' u subcot uf- M ? 

Ir M fi.ni.te? * . 



A 



o « Fiud R« tlit* subset oi* Mj wiiii,"ii i..'6rit8i.,5 six ,tisv odLv» riiuritri 
in M. 01' whites oth<rrr os' our c*tr in tlar. a suir^t'i^ 

The follovirv tgi. Io ho? !,*M;n r.s.artcd: 



> Number oi' 
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(A,Q, D) 
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h - !b;i. I j J inij 'jos, LJu:r;, 



tv Suppose these Uo^s Use:! y-at, uowu y:;U ,VOu uaKud all thv uo,vs wlti? rt-d, isitir Xy 



FiiitlllV, :. .«! i>0: 

would th 






(6a.~i, 'i"oni, C&ri*} 



.;.-; ivs-ia, >'•: a : bu- 



: i - 1, »•<.-; 



It wo.i i u n tj.t r,>!^^ 



!_ jO"l , t*JL''i J , 



w*sks^4*- »*& is imlled the la&erse ctioa of &&X> B and «€t Ju The cosatoinias -or 
two uctc in 'vi.ir. niar.nor is an operation on tf.c^c r.vtL". 
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^^■W^=^t*S*i* 
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The intersection (symbol, M) of two sets is the set of. all 
demerits -oimnon to each of the c/iven set-. 

uV ,-onr. irirr two other ce-tv^, — G — »"^ -JHj_ defined as follows: 

,H - 1^,^,6,6,10}. 

;.<;• two cots another net, K, may be formed whose members appear- in 
and H : 

;ouL-iutL- o:' the aenH-ra that note G und H have in coranon and is 
.- I!.--- interception of t::e two sets. This raay be written as: 

l-.^,-,c,'VJ l IV', <■■,«, 10} - {«,t S ,S} 

or 
cfl H - K. 
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e used to iilurtrate t:uc Idea: 
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l";.' '.-■:, tizt-d. :'«.'('*• : -h inu". .-tiior the inter'.-o.-t so:; oi tne two c-rt;:« 

Kov -oncider set R - {l,; ;: ,j, ■■,::>} and cot S - iu,7,y,v}. Sots P 
una :; i s ;!V.- no ;:*-:n! <:-r:; in .-o^non (i.e., t.v.-y ure d^Joini retr). Therc-%re, 
;,;,. !::!,■ r: •: -;,i?Hi oi" l.hc- f <•'«.■ ::'.-tu i:; the (.:;»:. ty ^et and wv write- HI IU • 0. 
Draw u V« Jiti diagram Ill nr.t rating this ,-act- . 

Another operation on sotc is the iroisbininr; of two set:.; in cu^-h n way 
that eaen of the members oi' t.ne new set is. in at leact one oi' the two ^iven 
sets. Recall a^aln the members or the Land and the re-a-nairea boys. If all 
the boys who were either in t;ie hand or who had red hair were asked to stand, 
we would have the set: 

(Sill, Carl, Jim, Tom, Sara}. 

This Is called zhe unio n of these two sets. 

• • The union (symbol, y ) of two sets is the set of all 
eleroentc that are in at leant one o!" the tivon :'f-t;.. 
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iFT*=™W!«i««Fa'^K5=K5W'=f?»«WH 



*=*?<*=j^\ ii ?*e*v#; 



Aa, another example, eorisider again set G = ( ; *, 5, 6, 7, 6,9) and 
set H ^ {I 1 , if, O,«,10}. The union of set, G and set H (written G \J H) 
would be ! , ;i ,- ; > f -'>'i'>-V-',iO} which we shall designate as set L. Therefore, 
G {J ii - L. A diagram such as tne following; niay he drawj^to illustrate 
this ideal 




G U H = L 



The madc-i re, ion "how;; the union of the- two cets. (Remember, there is only 
, one h and one i, therefore, -, u, and 6 are in eluded 



one- numfer 



orJ... onc<* in <,;.<■ union.) 

Fs" -all arain t<:t H - {1,. ,j, --,'?} and ret S -. ib,f,d,^]. Then 

—■lie- M » '. r- . ',' ~ aT 1 

Can* you Illustrate this with a Venn diagram? \ : 

We vould liKc to interject a note r.»-re arain tnat mu -h of tnio chapter is 
beint pn seated an background Information for tea -here, and that most textbooks 
lor r.tu-ieut:; troeably integrate thene conoeptc a; they are needed to develop 
noise ^u.vmat leal idea. However, r;o::ie parte of thir; material may :e presented 
to a --Ions ar. o little side trip. Most youivr.t«-rr. <-n..oy this as comothinr 
different and fairly ear.y to <_ f re!.-.p. 

A;; the:;e ideau ace presented munv viruttl aid/ :nay he uoed. Set: - oi' 
ol-Je.-rtc, plant!" •-ontainerc, and the urr- of overhead pro.leetuals adapt t hem- 
solver, readily to" thi;: area. Different colored sheet:; of acetate -ut in 
various shaped and pl.a -ed on ti.e ^ta.cx- of the overhead proje -tor d<-picf 
clearly the inierneotioji and union operationr.. ' The student needs to be led 
to discover r.ome mathematics" for himself, and this topic is one in which this 
may be done quite effectively. 
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'■). Given: A = (b,d^e,f } 

u. = ltt,t ,'.,•-- j 
u = O,o J 

e ~ i«i,f J 

. F * {b,e} 
icr of the following sentences are true? 
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DflE - F 
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■••>i. or all vr.o Lc nujnLorr. 
■-ct oi' ail s'Vi, :> isius: c-r:- . 
'M of all oca iKunferr. 
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*". :K--d lu !««.'' f.r a ::«!,!::■■:.: ". :. Ou:' jl.\ •-.... lo:s -f ,'"-.' £s=id • •- ' ! &U\.<&= C 
t.'..) *-£s L:\ &:. CU" 5 -- i Iiu. U(j '• ' ill , ' .'":> :'•"*; , ' OS; ;';'••' o?;..' <... ..,\* t< j : ; „. 'i: - ;OM. - '•-'» "••;«<' 
u:.;e Of .7.ct,f;« The- t'.-'j -i::.^ uJ" i;iisL;.'-:.'.;*i.I '.' not, o:\ly mi*, f ."iv<- t:.< : ; t ;id<".u*. u 
£\hiiyi:-G of ihe structure- of t-i.e yiH,J<.'-l. t^i. ;a\;::L aii;0 uvut i;;s: ian^u&^e witu 
great care. The dif fc-rc-n -e f '*tv. en wcr^r: like "and." and' "or," "If" und "'only 

I'fea-'-i'i!.-!- if-t-vr.t-.-r! nndoTfonff nr and 



(I ....-! ".-,« + '< 



■_».'_ w - ^. — .-, 



* gj;;--» ii'Jw r.i.i-jL i^-.^;i^ ^ 

i*i.i- fc-'a* t^i*^ a .. -.Uum*.;.^ 

who usr--- Lonr -oiapcuud. vord..- ^o -.t« ;..:rit o ;.:.;.; :;.ai.^ rLul.- , i:,o :r i al..v:r.f±;. : -ia;, often 
a^'Lootf. 'O-'Jsaort wordr, lo -;o;:crii (.• aii.tojsjiKon •<::: •: :.'Lr« ■ i;.» l* « -ft.-*" !:.o;i.f ; ' vvure 
of dictionary meanings for words su:*h an rat lona'f, • rfaT," IraariRary , rroup, 
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field, limit., tenn, factor, range. When these words ere used as .mathematical 
terms, they do not have the meanings eoRsaorily ascribed to them. 

On the other nana, teecherr Oi' junior high school younrjcters need to be 
careful of u - h»t ir ■: :-;! >. -.'"ted fro::: their student.:; In the way of veriol rerronor 
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to i>e pro-use m their isnvua^ 



perij&i.:c l..\- mind o; a coverit.ii grader liar- not sufficiently matured to enable 
him to make,, riatenients in as pi - e- 4 ise mathematical ian^uat'e as we would wish. 
This ic or.t oh the things we are trying to train him to do! We muct Keep in 
mind the hoi loving dec ::t ion: "Are ve .:o:n;:ianicatinr vlxh our ctud&ntc, and are 
they coim:iuni--at Ln,r with eavh othct"?" > 

Mestheinavi •Linnr now :nukc uce oi' the structure oi En^li*:. r< :iU.n.'C'; to 
0O5!>jr.;;nh.-ate ma;.:^-::^;. I -aL x>n -oots . For example, the EncLlch nentej: .-e, i: He wsc 



O'* \,l - 1 i lVi *' ^* ; C1 vtj^C 
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or fa!.:. 



ret ia -.-::.: ;r. ;'or ih 



noitner \. rue nor :atr,« ijn 
.c mailed en oitn sentence 
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Vis,-.j.i rit'loii w&r ;,:.■„• ;'i.rc,t i r;:: 1 k:a o.' tno united Stater," 
'.;:-'ohi vac t.ee flrr.t ureclde.it of the liniteu States. " In 

t.'.e n«^» for v:.i ■:. :c vouiu t e a tr:;" fc;:Cc:i :e . 0; • n 
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None- of the examples listed above is an open sentence. They ail make 
true statements about specific numbers which are described or represented by 
a single numeral such as 7 or by a mathematical or number phrase such as 
i + '• . If we want to write an open number sentence, we need to use an 
open number phrase such as □ + Y or 1? - Q > -here the symbol Q . is 
used to heic you remeir.ber that the empty space is to be filled by some numeral 
fron a e:iven .set.. Because symbols like □ are awkward to type or write,, we 
frequently use tetters such as n, a, x, or y for the same purpose. Thus, a 
simple open number- phrase may be written as n + 7 instead of n+,Y» an d 
an open number sentence as n + 7 - V-\ What whole' number or numbers will now 
make this open sentence a true stater..-.. at? In this case the answer is easily 
obtained i<y trial: j + 7 =- 10, while + 7 / 10, 1 + 7 / 10, 2 + 7 4 10 > 
>. + 7 / 10. We see that $ 1c the- only number which doer; the trick. It is 
the only replacement for n that will wake the sentence true. ^ 

What whole number or numbers will make the open sentence x < [j a true t 
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and 



statement? Arain, by trial wc find that w •- „<, 
■•■. < v arc. true statements while h < b, t < 1>, S <- : j, and so on, are false 
statement.?-. Thus, we see that from the ret of whole costers _ (0,i ,...', S, } hJt' J > • * • J 
only the moral ers of u.v set (0, •.,. ,i,- } make the statement true. 

What about the open sentence r. + 7 < 11 ? We can translate the sentence 
^ijvin,- "the suia of a certain number ana 7 is less th*ti 11. ' 



Into words by saying "tne :jui;i oi a 
Tne whole nusaheri: w.nleh nsake this a true statement of inequality are the members 
in ?.•.-:!. Ti.ic net of whole nujnLerr is called the truth set or 

.• i ) 



of t::e s-t iu,i,. , : n 

"solution set of the open sentenc* 



n + "{' •* Ji. Sentences with the very 
are called Hiuations, wUr-ac sentence:; with uny of the other terhs I Lot»d- 



above are called inequalities . 

Auot.-icr very useful device in our study o;' tr-uator r.cnV-nccc is to estab- 
lish u one-to-one .-orresponiien-'C between the sei. of whole m. ib^rsr., 
W ... (G,i,:,j,-, .. .}, and a net of --ertain points on a line In a later 
chapter we will associate all the points on a line witp. the c&t R of ail 
real, numbers. We simply draw u pi. -ture of a line with arrows on both ends. 



Starting at an arbitrary point that we label _ 0, .. we mark off equally-spaced 

,eied with the n<"-t of wi.nh- ;rn;n >-jT in order: 



intervals tnet are nm. 



i » I- I I 1 I ,1 » 

12 3 4 5 6 7 



31 
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afcy.^^>g«^^jsawaE^j^» , '«^ara s^^ 






We call the number corresponding to a point the coordina te of that point. The 

order of the whole numbers shows up clearly by the position of the marks j 

5 > 3 indicates that the coordinate of 5 is to the right of the coordinate 

of 3. " "\ 

Now a picture of a solution set using the number line can be due wis. 
Consider the open sentence x + j - o. This open sentence )ias only the one 
solution, 5.' (A solut ion is an clement of the solution set.) Thus, the 
solution set is 15} . On the number line this solution can be represented as 
shown below: 

^O I 2 3 4 5 6 7 8 



The solution, >, is indicated by a solid dot. 

In the examples that follow we shall restrict our discussion to whole 
numbers only. The solution set of the ineq.uali.ty n - •• < 7 can then he 
represented tbus: 



Notice that If n represented the number •>, _, 1> or 0, then the 
open number phrase n - h would represent a necutiw integer. Since we have 
restricted our discussion to the whole numbers only, these numbers are not 
... considered *s part of the solution set. 

Note that on the nuiste-r line wo indicate' the solution sot by heavy solid 
dots. The r.oiution net oi' n ->h > "( cannot be completely re-pi rented this 
way because it consists of all whole numbers greater than II. However, we 
,can represent it by heavy dote up to the arrow end the word " incomplete" to 
. show that all the whole numbers represented by points- still further to the 
fp; rtgist are also m&abers or the solution set. 

i m • ' " '1 ' ■ I I I— J 1 1— I 1 * + + + »+- * 

P ^0 T 2 3 4 5 « 7 8 * 10 H & 13 14 15 » l7 (incomplete) 

c^= r ' • • " R . h > 7 

? Other notations 'art; sometimes used to illustrate this saae type of solution 
^ssps£4sse*-"*>B' a muafcer line. Picture© of solution sets on the number litias aye 



called the graphs of the solution sets or trutn sets ol tile, respective niathe- 



V-> - • 

1 U 1 ■■ ! 1 " ' i" y ^P» ff ."! 



ig ;JR-JaB^-&i t . i-. 1 , ^ ^ ^ ^ ^^ii^^^iiSES^^^^l^;^^^^^^^^.^^^^^ ^ . J*s| .«n 



Class Exercises 

Give the solution set of each of the following sentences, using the set 
of whole numbers. Then represent each solution set on a number line. 

11. x + 7 « 9 1^. x + k < L, 

16. ,:+!*> 6 

17. 7s + ';> < 30 

lo. 3k - <5 < I? 



1a t ., J- "7 



13. n + 6 < 1 

1 )j "S "> h - r\ 



1 . 1,; Compound Number Sentiences 

T.'.' rraphine of simple inequalities, ar, i 1 lust. rated in the last section, 
is also a convenient way to find and picture the solution^ set of compound 
number sentences. Such sentences are formed by combinations of twe or more 
simple sentences ana the connectives "and" and "or." Examples .of such com- 
pound sentences are given below; 

(a) x > 1 and x < \j 
(h) :< <. 1 or x > > 
(0) {>: > 'j aim >'. 'J?'0 or : ' ; <• i* 

Recalling the definition of iniorso -t Lou and union of sets will help us 
' in finding the Golu^ion sets for such compound sentences. Example (aj will be 
true when both 'i imple sentem-cu are true This moans that the solution set we 
are seeking is uio ..nterseetio.'i of the solution sets of the two simple sen- 
tences considered separately. The two solution set:-, arain using only the 



>'!lO 



!<:- numbers, arc readily found and graphed. 



OI254867t {incomr.let- 



« 4 4 4 



1-t 



I z 



6 6 7 8 



Khil- t.'it -'oluiiori set of 



show the solution sot of the compound sentence 



The solution set of :■:. > i U: (!,£,■;,<'>,♦•• 
x < 'j' is 10,1,:, .>,■;}• Wo may 
by set notation 









3<"V 
4JL. 



... J^ii 



H*ssra*i£ 



HS 



Ife-*,** - **' is**" 



^«*=ai 



y ^ gw ywy ^- r^-:''*" 



■■^'»»\*^i^,«M*>'VKM 1' 



or by a graph: 



.x > I and 



4 4 4 4 » L 



12345678 



This method oi' solution by r.raphirc is very useful when the present rectriotion 
of whole uUi'. : u.:-ci'G o;ily Is removed.' More eo, spiieated inequalities sues; ac 

v- _ y . o > ' 



, ni.au* r" very ;nu,'h like those. 



are eerily f;oJvo>! ey t 

Compound number ^entenooo involving "or" may be solved in a similar way. 
■ re -uli the defiisit ion of union or set;;' and yee that the solution 



or the renv-:i ■(■ 



:•: ■: i or :•: > ', 



A -J !•;;!-• *-i 

r;in.-o 1.:. 
c-L'nr-le ;■• 



■ v" im- solution ret:: o:' :•:■■.- J us: 






.-at-e 



T- '< r, >.y. 



I or .x .> i.. , i:: true vuen at j.?ast one oi ^mo two 
Ik: in.- t;.-e j*rai.>S:i .-al method river ug the following: 



The roi ut Ion 
tiosi ;-'-•-- to ; 



4 i i i i i | L. 

I 2345678 



J l_l 1 1 4 4 4 



I 2 3 4 5 6 7 8 



(in-.'i>ir,plet-:-0 



:-Lr :uioa 
:oi::i>ou!;d r 



10, i 



roua:o! 



it,', I, ',,,', '..'. j . TJ.UiJ, I!;*.- ;.r«].i. OI U,C 



:.©i.u- 



* 



\ 4 1 1 — L-4 



I 2 3 



it I M t 



\ 



( i n-'OSR! let 1 ') 



«^^l£3ifc~ 



vh' si ■■Oiii roat 



<•■<* 






I'onu-'d i'ro>:= u.iv<j or more rlmpic 



itenteriee^ t;:c te.'hniouo ir ma- 
-the sentence . 



ti.e na;ric, A:" ar, cxa;:n«ie,. tin- solution Set for 



'; ■ .(x > j and x/< '{} or x < j 

may be round by x'irnt rinding the Solution Get Tor the statement wit%n t!;e 
parc-til-i.^Jv;." end ti.--h -o;;;i I uiiir '-i*» v;t:. t:, . olat.;'.:. . •..-t ' v>r .-: -• S- • ■*■'•■'■> 
golutior; i-.c.d. i.'or the jOKipou:';d scute:; :e wit:. in t,;.c Lsrentheror :.'.- l'-,ij. ■ 
•This, when combined with the solutiou set or ;•; < j, {0,1, i), ^ivc-s 
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^•^"j t'^ i j i [ a j^f f r r y pi T j ^m/jti iti i^^j' ^ ^ ~ i j; ^i> r^jM^ i j>x! j ,W^I M l ! Jjyr i ?JJv * JX W A^")^,J '''' ^ l ^^ C l 



*&2> 



^'ns^ ^^^iJS-^iK 1 ^^4^$^fM^S^XS^M^ ..,, 



Step i: 

>: > l j 

Step i:: 



Step j,: 







-4—4- 



j i_i L 



t-+-t 



(incomplete i 



I i i i I i » . l* > 




intersection 



x s > una 



» 



I I I 



I;-: :- ■ and 



(J O! 



J L 



t-t-t 



I I 



t » A ' 



J L 




union 



U I .% 



r-a-t 



1-t 



a 3 



8 



Cluv 


~Lx *. ■ ; 


'■;:.'' , 




Fl:.-a 


".j;!.. .: 


ntun'u 


ti'C . 


i.li .ow 



X.y' 



i:V. 






ow vis 'i: :;oi '.."Lic-i. 



ana x)- 
/ 



'■( - V "i. ! ti .'I.'' V / '? 

<: ->■ « - ^ ./ « i!u *\ f I 

... (a <". j or z > y. 



, >* 



ana 



or 



*■?■ < J - "» *\ 



TKicrij 






^w--=^-Tf"-^^a*ir"" .■^'-x -T \^»^T~^-^«'^ c «"sv i r-- - s^^.v^^T*J ? :i,?^T.\^?^j^ 



=--*^*»?W"=T^-v" -•■*».* *W= 



^?J l ! r , LMAW.?J,' l *3!p"5!p 



V 



1 . 6 Conclusion 

Ac we stated earlier in this -barter, the language and the properties or 
sets will be used tiiroutsliout this book wnenever these enable us to expedite 
our nrc^entation'of mathematical ideac about number:,, operations, and reoactry 

Let uc look ar.ain at one of tiit- count inr. problems from the introduction 
and analyzer it usinc set lan^ua^e and Venn diagram. . Shen we will leave one- 
Tor you* as an exercise. Sometime c it ir- mere important that we find ten ways 
to do one problem than to find one way to do ten urobiems! - » 

' We will illustrate the first counting problem about the oiaciv or j> 
pupils, all taking a foreign ianc-ia^e. Twenty-one are enrolled in French and 



i •? 



in G-nstan. How :naro : students art- enrolled in both French and German? 



'Call the iiii-ilr taking Preivh r.et P, and the pupils taK i nr 'German 
:;et G. Tn- -n ti-.b rvm^er of jtuii. 1 enroll-..": In i oth i-Yesi >i, and G'.-rma-n woui-i u<: 

"* . . . ■ ** - r\ - 

tiw- nu»n: » r :n tno intersection oi meet /.wo rei.r.: f I I'j. 

We :::ay -ira* u cIi^Te::: o!' thir-, t:.e cfiodeu portion bein? tne interre -t ion: 




..«:: uvnu.. • 



• •! • ; •-, I" ,'i' F** 

\;;i::: are t^hii't at lea:;! one ford, 

n(K} -I u(vuj - *i(i'"0 G i */,-. 

Do you a^ree* 

SubKtitutinc In the unove equation we obtain: 



i ti net i.i iw if 



i i 



,» >:!>>! _ 



.n ; unr .sa? e , <u..;o, 



J?" 



aiit 



: i i i ,' - u(Fu J - J:,.; 



i{b'f) Qi ~ 3« 



Therefore, the nusibor in the Inter.-ectiosj of t::c 
pupils takirij" both ia»foUa^;c», is j. 



o; 



..««, 



3 b 



■3»ltf98-*!»8M*-«^?-^^^V ; 



rrom !.!.>• ■ j In,- nun I* i-.- now « : L;:-plr :;uiT,ur to i'ind the usi-or of pupils 
taking. qai v v Freiu-h and '.;,c uumU-r of puili: tokln,- on! y German. How ^aay arp 



.\ : ! Q.HU'. >.' '! 



1, 



.<• > v!.:-.i' ; roi i • "! in • :,<_• 



.-. i. i 



.-«■*.-.< : ro! i r n ;r r.y t.Hr notirr- ! c nci t.:,^;:;;-' ! vt - --- s>a;-".. iy 1.0 ! Hurt.raT.ior 



•01' 




Vv:;:; a ; n,'r;s!;;; :ji;q to roi.ui. icr.:: v.i.;, :■■•:•". 



M . . i . 



. ^ *. I, . > - 1 ' 



:■<* 



. < ;■ ; • , ' i ' 



/ 



.-.> . *::;! -i- 



!« - * 



.■r -h , .i", -unu. '.- * „.*. i» ^— * 



c . 



<_« v 



ii*t* 



3', 



t 






^S§^S^^^^^^^>^^~^^^^^^»*ro 



y^ay^^^^v^pta^^^y^^^yattf.^j^w^ty- : .'aiJfti i j o gwi fflu^ ^ f r wi'^^^s atjiKyai 



'"""SBBB 



\J4. V «,-<» \ . :• 



hr<'^ :--;-t.:-.: A * li-o^,(j;lrl,ohaia\}, h - ( *;irl, chair, dor } , 



and C I ;i, air, dor, -ut ) . 

(ii.) FliiCi AM i* . 

(; ';■ ;;,-.ow tMit aO C - cfT A. 

( •) Sow l:,ai AHfbUj} iAflriU (AflC). 

C.i) l;:.ow U.U. AO (i- DsJi -D (A Dm. 

(j ; ) >.••< A", r- ;a-:iL i :.■•.• u-jil -••-'<.", ttii'i H jjI;;; •:•■ 
: M.tmc:^ 0U- H|J0 li-\:<>? iixj.iul;; y<y<r 

(i. L. 0f!li ii ? L:-:; LuL.i year os.cv ;# . 



\'-' 



; ft. o;' • v* :: 'O isst.ln, nu::<: '•; 



l Ui" l; i 



c .• ■. 

•C A ? 



lu 



n 



c 



u 



■i c. can 



['.-.. :..j;J i :•!'. 



» j « » • * * 



AC :y. 

•■'• C • , 



aU; 
,.n ; 



•. ,. Q..^' k:.; 



r- 



; r*M . • :\ ; .-un. >~*v . ^- ru 






Ii' U,;^,./,,iU -*-vi X :--i:'.,Mu!!.,v.!..-r.j...,t.:j',.},VU! '.-•;- 









SSs**^ 



**». 



: ; » yj !!W ^y .>*iy 



3y 



/ 



:«3^-»=?«F=«*»ss^54^g^vsR«cs^T5ijsqg«^ 



^^te^°a^T^^S?^M *^ » > t .' t i « .- ** . -f<y y^WKBaEjjgM UJpMjfc l j lilM 






«£*Mw»»ah,*>uM« 
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k«NH*«uHWta«t« 



Find the eolation eet for each of Vpte following sentences using whole 
numbers. Shaw each solution on a nurobcw^line. 

(a) x > , and x < o. 

(b) x > V and x < 10. ' 



x > 



. !, 



or x < 



(d) >: < '„» or x > UJ. 

(<•) (>: > ';; and x < 1l) or x < 



lj, Given cct W of the whole nunberc- and ctt of the odd. whole numbers, 
phow with a diagram now a one-to-one correspondence jnav be set up between 
thorn,- cots. What other observations can you make about the matching of 
ti,o!;o two infinite sets? 



^> 



j 



3u 



m 



**f. 



i . Qi 



1LC 



L . hO 



a. 



I'or 



Ancwers to- Clasc Exei'ciscs 



"'•""i " two (.■sjiiUj .li-ii are j_*iveu .'.ore, but certiuiuy teeie is re ot::C-rr, una 
Uiii-Wtrr wi i i. vu r y « 

a* i].,),?,,', *,J-i)» or the cot oi' odd whoLc isuinU-r: •<■•:;:. ti.an i «L * 
: , ']':.•■ set o:" 'ountliv nurai orr. w:.i ••:; ore :n\<Lti] ]«js or 10 nud- alco 
!<-r.r t.'san 10!., or tr-" ret 0,t :r.u!.ti. ; h s :; Oi' i0 tetv. ■. n • and 



i . 



it- 1,1-'- ,i :,:.-,•••), oi' ^-<- •^•- o: - 



(5, or 



<-t o:' royr n; your -is: 



'0! : 



i ruf. • k ,£ a :::!.,-:.;. -.r u: i •■}.">*"» 

: U ' * ' » * V s ; . .tt . <J ..." .. 



J . 



f \" 



> V 



1 



i 01:. -*- 



■ j'juI. T!.v ordt-r in 
•6 !.;.'• • i:.' £-' ' >' «r a '. :» 



.»„-,. «j. 



f i.tx: ;;0 ::.(.:;.; •. r:. . 



»L:.it- . II '.t- l!.' ■ n> 



^'ii,y tuo odd Jiju.'j*. *. ru ! iv.'s* .., L^ro..^!* ^ • ,.,.-. -^ .-* ..-i 
set 01" the i'lrnx ^iu'.t ond rriru- jra^erc. Moral: 0:;<- 
carci'ul when usiiv this.'- notation. 



•O:. 



D;=i yo« 



V*ri'\ 



/ 



■*£■»<• 



t I) 



****J 



<j;;w*^iX;R^i , ^K i *«*;-5s^>',; -«rap, : =^sN!»'T^i*Kw^^^w»*s«^s5w^5^s\Ki<^?*K 



■S^«y6»SSSS^IrSSSBa^5&3«asal& 1 ia^ 









f'il'K're *;r^ ntii'T no.T.ibiliti o-;; ) 



•t o; 




uul M. 






^J 1 * 1 L-* 

12 3 4 



!■', - 



■4—4- 



J I I L 



12 3 4 6 6 



■ *-.. 



J t I 1 I I L 

12 3 4 5 6 



I ,.v,-J 



+J 1 — * — 4—4 — I «-► 

12 3 4 5* 
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— -L. 
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12 3 4 5 6 7 
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1 
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| 


I 
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A 
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-^_L_ 
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12 3 4 5 6 
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^J I I L 
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2 34 5 6 7 8 
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_L 



12 3 4 
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Chapter £ ' 
NUMERATION 



Introduction 



Svstemn or numeration are invented uy ineri to 



■.jj,iet their need!:; to express 



number ideas. As civilization has increased these needs, older numeration 
systems have eitner expanded or ci^en way to' Improved system. Studying the 
hlctorv or the "ar! lor systems provides background ;'or tea-.-hers to tea;h tne 
slrueUire Oi f the decimal syntera or numeration, dee-jenn pu; ii'o .underntandmr; 
or Use i.ri.n.jii-.les ox' numeration, and provides a vehicle i'or review that Is 
not rep«.:t 1 t lour. . 

Ti.ro •:• '■ '•:•'.; '-ri'.-n v-r: in roafunr- art; vrj^ini, rs &*:;•. -c w.. '"-'i/ i.^.i-e-o, -■• 
u:-.ir:i; e;n c:< ; .-::ts to v.t". te :i'-v nasK-r. for numuerr, and in nr.inj t = .e expanded Ion.. 

..„_. , , ,,, •,-,,- .,,„■;;, .v- ; ii> ;i.- learn that the de-i:r.al ryr.tem sav te.-ome a 

,,,,.,„.,,,! y ..;.; .j,, ; > or ti,c:u. Do::;e iV.iiiiiarity with nuiiuer ; «s<-e other ts.an ten 
... •„ ... ..-..•..-:> !.,- * -Oi'Ki ;!i - ". r-on or tnere syrtemr with the de-imai r,. stem, thus 

..,„;...• - ,. I...H.-.V-1 a^d ! '"" <•" ''■<-• d-: • Itjial r.vr-toi:.. l>a n.err and ;jpil.r wno 

ejcneriei-. -e ": u i.i.di n.;' 1 a system to a bane other tnan ton no longer take i'or 
rranled tn<- •l.-isoi nyrtem of n,;tc rat ion . One- additional, i oint should he 
'•'•!Pi>aau ; T< l d :.er< . W ; ,ile the tea nvr rho-.ild 1'uiiy understand tne :;iateriai. or 
thin -i.ajtvr. :.e .:. *: t- fuard arainrt ^-.-njinr too »r,u ::. time in tea-nine tnir 

■A ,-iun>.,tr. Tno and-'-rrtnnd: :v or the ■on.ref.t 
.:, oh .j:;-t> n -a;-;, to t:.<-- .•':«- • Itoe* L r,,r;te::; are 
.1 .4 ». i ■. ... , ,. ,.,...;:,■■(;= - 1-, w,'pir;:'i' ti." tas.le;; O!' 



r.iatt-rinJ. to :.ir ,; nnlor :.i. : ":. :• •:.<: 
Oi' s la ■-• vaiu- an.i tn«'- l-i.-iatlon: 
inUiOrfnit . b 



t:,e r t ;<li ntn ci.O'ii-: 

.v. '. rat iv-s.. .nr '. o .-^.art.'-r -o::u 1- lei,'. ; 

er..-'-nti&l i'or a mo*iern ::iat:..^;ati-"R nrorrai:;. 



i :• •*:'■! -mi rut i.' no-.. 



Karly K-cneration 



In !jri«»itive tuner men were prora 



L-lv a'-vsr-: or tintpk- n n;;-' • rr. in -onnl. mr, 



_B*aass3TT-"j.r; • 



as in counting "one deer" or "two arrows." Their language indicates that they 

had not learned a: stract wordr. tor nujuc-ei x-ied.-.-. v *.u«^*..-_ ; -~^> .l_^^.^« 

use rjuraber* "to keep recordr- . Sometimes tney tied i-uiote m a rope, oi „«^ea a 
td.lf- or :•-'!.: tier, Or ".it v:i8.rkc in r.ti.~K3 vO : - epi'f;:en ... 
^.'ounted. A boy rount5nr nheep would hove *• # * 

make not.-.-.e:: in a ::- - j-.t'x, an ^~— -«_i^j * «^---. : - 

you Id represent s sis.if.le nneep in a one-to-one ..•orrenpondenve : etwv-en pei < .. *r 
and she-ep. The sasae kind" of record is iisade vhen votes In a clnss election 
%fO tallied, a.'.: /ftl II • 



; i'unit er. ! onne--tr 
peDuieu, or u« Riitfitt 



«n >'■(•■ s ri >. 



tr1 



A 



3.9 



«s..v, _,J*. ..»,**" 



'<.-:;; ur 



S'irrod, earlv pecy.ie used sounds, or na;:>eu, i'or iiuiab 



j'o'ia^ :-"li.<j: ; tei' i Cvi-.. oi' n 



a::h;t; . or :m:;;i. or:; 



iiwabers 



Si TH H • k UC' 1 ' ,' 0-: * J I ~v S ; If- G 1 ;C£: U 



.•O;!;! ;:!••.-.. u , ; " 1 1 !, J.-.- ;;:.-0cu waU; vKC nar;!o one," and , riK-vi- witi; tjcc naxne "two" 
o;id ;u o;,. • [.\u)\ now s.ac :;v.;iboLr: ,(1, ... j. . ..) and words ( elm.; , ;.woi , dxei , . . . ) 



i'u-ro.:e:.l !iu>:.i, or;: . ivord ;:a>rii-'i> for iMK'berii vary wi\,>: the 



-'-^■ ;, i,-* '-(."■ .• i Or'.vii • I- Or ''Xij;:;|'j.i.' i 



^ . .i v"'^ 



:u ral.^ rro>r.* u.w. 
•c:l bar arisen. 



:-o:;v:.- Liu 



•y.\ 



" J 



i , an it 1 - .;>. : 



a u . \j;>. , 



:<..<•::. .. :; .;: ;.ur,or&,i 



u: .(.■.:;,,!!. 



:s.uv:. . .<-. . V r;v 









au ■•. a 



ob v:.:.. ns.u;'- 



>a uc i r€u:;vv,"0> 



V.U,!,.. 






j;so ratio's . 



■ * u - -\.*: 



Qno oi' l-.o .;-;-i-LLf. : ;l -ry ri.*-.m:.; oi' v.-ri t,i;v minerals for w:.> ■:. L.v.-iv it ro;:io 
ro^ord i.v. bi.vr ,iiQ'ji"t,iuri jiystcn. '- 'jj.-ieir hlororiypiOc, or picture, numerals have 



{■*»*"> 1.V.-; 



-.-, *. ■_ U x„ w > 4',.."* *."v!*«-T* v.- -.- ^J^'-'SJ *j< • '_-' 



iiius, more -,: un oOOU vearo ayo, Er^pt-- 
iann nad doveloj.« N d •< ;'y?l,;'-:: with vbi- - '!; "LlH?,y •..•ould' cxrrc-r-y riusibcrG on +.o tb"c 
millloM.'-.. • ' ' 



4 4 
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The basi<: liKVPtian symbols are shown below: 

Our Ntuufiral ' K&yptian Symbol 

1 / 



100 

1000 

10 «'X>0 

100,000 

1,000,'.*QG 



9* 

ex 



o 



0u ie*--t Represented 
stroke or vertical staff 
hef-1 bone 

coiled ropo or enroll 
lotur: flower 
point; n* or uent finger 
i-urfot ;"io:. (or poll! woe 
eotoMibi.'-'d man 



X,'...-. -vwbOlt- were :yrve-: or: woo? or s^Oi;e. luc Egyptian system was an 
iJiiproveis-iDt over tarij.<.:i uj.^.j.^--'~ -ju-uw •--- — »-- - >- j. < . *- - ^ ■- 

.-,, 1 1 -. . ' >« . • : Ar.rs.-~ ■ 
i u-J-o. ■.,*-■'-• . >;(_ |, -' > - 1 "- :i 

i. A r.iurlo c-vmiol 'oald U; ui-ed to rcprerenx, t::v i;u:abor or oi-jects in 
« .-oil? V-o:s. For «am;le, t:.e S.Cfi bone jv.-ecented ti;e nuwr.er ten, 

, -sample, tne rrour of ;;y:nLoir?? <? Bfc-a:^ 100 i 100 - 100' or 300. 

■;. This r.ycU>: S ^: ta-d on ^'o^-r of U-n. T,- !: . trokcr are onuivolent 
to & heelt-onc, ten heelbores are equivalent to a scroll, ar.a so on. 



follow L>i> tatio caow- :.Ow i-;.*.' :^, 



Our liunrf.-j-ul 



Eo^ttla! 
Kuiaorai 



HI 



l'i 



ni 



nmn 



LS.ir ro; roof-! 



cr-jiti?dL '<irtaii: riu.!ner&lc> • 



• o , no 



Ml* 



!:/>; 



$<$<$<$ on i" 



«• - ■< . •- v -„*.-. ri^___4 j ^^ 5.™«r,i »s«-,c tn& saw* thinP! regardless of 

' where it Is placed. For example, A U ,1(0 , and 101 all represent the 
same number, twelve. This io a significant difference from our numeration 

,-.^,-.-..1 •. i';.„>--. > ~.'- 5 ■; "-I's : lavs an iivu-ortayrt role*. In our numeration 

/^* '*. . -i . ti-i .t' -.,,.» n.^'i" .•;... t -, n -i « «7{-.si t-hr- tST!** !1UI!;ber. 



RP 



.-..,.,< . 






yi s^^iti3^il^^¥Ly^ ' w ^* a ^*^ ff '^'' y " i ? i ^'' tt ^^ 



&t**^^^-^it^--«^* 



j^y^jWt jiaWffju^^ jasy^ j -?j H&s*y'yw** ;^! w wj»; > w» » jii gw '««» 



.. L *a*taM>. i* ainmmii**!. 1 *. h. *Ko a *^ ■ i l l i' »i. h— i* n i *><»*(*» > . 



Other Ancient Systems of' Numeration 

It Is likely thst most students at this .level are familiar with the early 
Rofcan system of numeration. IT this be the oast;, then it vould be helpful to 
t-ompsre the Roman system to both the Egyptian and the present decimal system 
oi" numeration. While baced on ^roupi:^ by tens, Roman numeration also incor- 
porates a modified grouping by fives as illustrated in the table below. 



Our Niuneral 


1 


'.' 


• 10 


>0 


JLOO 


:>oo 


1000 


Roman Numoj-al 


I 


V 


X 


r 




D 


M 



In oariv tlr.;--c the Roraana repeated evn-bolc in their numerals the 
uurav way l;.&i the E|_vyptiano had done asany years s-efore. Later, the Roman:; 
made u::o or :rn^ra,-tiori to chojten rosne numeral:;. Recall that the values of 
t!i€- Ho::;an : emboli are added when a r.ymboi re; recent I:;;; a larger auanttty is 
placed to the left iu the numeral, when u cymbal representing a smaller value 
i." vri",ti-n r,o :.!;<• left of u vymiol represent : :<c a larger value, t;;e cmailcr 
value •..': ante, ranted from the l;v:ycr. line eott-or student may he interoni.vd in 
*:.-;<! lorinr on v.lv own romo of the otftur ai;-.: Lou-. :;ycte::\s of numeration. 

Kan. of the early num..- rat Ion cy: te;::i; vac an i:::|.roveni«nv ove;' inat-.-hin; - ' 
object:,; with not eh?:-- or ;*"u ic r: . i-« . : 1 ; U I;' fairly vary to represent a 
number in any of the •; arl,y ryru-mr, , It i: 



"t.'L -a It lo ■•-.<:• t:.> :ium 



f >~n r. ' 



or 



eoiniufin;- ru.-n.nr in addition an-:- :;.uit :, 1.; -ation, It. ].,, uot a- important 
that ^Indents learn to mani; elate tl.s.-.-e nurrivtalr nr t.bet they learn enou..\n 






yr;ti' •!«;-. to 'OHii.-urc Ihem with the de'-'ufiai siyste.*!: of niuneration. 



Cla/ i. ■ £>.<■;'; -ise:.- 

1. Ho'.v did the ii-yptian:; re pre ;h nt the nums-err 

fa) 100; 1000; 1.0 ? (i. ) 10 j; pOi ? 

£• Write several arrangements oi' the ECfVpilan numeral Tor ino nuiHUer l,;.*jV 

■S ^ * * » ! - ' " i*\ ****.** J| W U , M, ^H : .: „_«_«.»— ■ ■ ■ ■ -—. ™.^« ,. _. . .„...„.„._,., ,.„: - -,„ 



(a) nntU ; and f\t\(\ lilt ? 

>) Jfrf\{\f\f\{) Hill and f\{\f\f\ HI! Mil ? 

Can you devine a plan for mult iplieat Loss ucinc Egyptian nu^ex'alsi' 
it witii /)0 "/ tiaec |f H | 



_ ,oO ,._; 

ero — 



«sn%|) 



^rNw* 43MQP* u »*lw»t*f*Wft** 



fci^iW*.*^***- wl>tt«kk^A)*tiaiWt«MM>«K>>«iik«u«iMI 



2*2 Expanded flotation and Exponents 

There are many instances in mat he;;iaticc in which we use a -erlala number 
more than on<--e as a factor. Examples are round in the computation of the area 
of a square, A = e X s) in list- yqIu-tiq of a ouU.', V - e x e x e; and in the ■ 
voiurae of a sphere, V = — X n x r x r >: r. 

* ... ,,,.*. : ^ ~, .* t i .*,,+..,,,;..*-; ~~ n*' ■?- "nf^ >'^^ rs '*' »■* >"tn»>Kic>-.. .^^v,^-.-.^ ] t i^n^*- pit- p 1*cjf'»1\r*t* is 

found i.n our decimal place value system of numeration. The value re j.< resented 
by a di^it in a decimal numeral dependi; upon the position of trn*. digit in the 
numeral. Note the different values represented hy tpy two dibits "h" in the 
follow i nc examp 1 e ♦ 

1W- • (l x 1000) + ('■-• x 100) + (d x 10) -t (-. x 1) 

(1 X 10 x 10 X 1.0) + (•'• x 10 x 10) •»• (0 x 10) + (•'• x i) 

.-« 

Te.a- , t i '-rr. arc already familiar with the use of place value in the decimal 
cystoni a:: s,i.own in the table on the next, pace. However, some ;aay not. be 
familiar with wrivinr. poverc of ton In exponential form. For this reason, 
an explanation of exponents is. rjive:i in this section. 

Frequently, place values for the decliuai system -are written moi»e briefly 
by usin;.* the exponential forn. In perioral, the exponent abovs how many times 
the base is used as a factor in a : redact. Valued of tne jla^ec. are read as 
follows : 






"T'.-n to ti.e- r-ixtn vower 1 



100,000 10- 



'Ton t,o the fifth power 



io,000 io' 1 



"Ten to the fourth suover" 



,00O 



T::<< to fne'thLru i-owjr 



100 
10 

t 

i- 



10" 



10 



-49-- 



"Ten to the i;e-.-o»jd. rover" 



Ten to tne first power" 



»<ii„ 



>l/-i„, " 



eri^ 









-£*?•— 









O-utg 



1 




• 


c 
o 

•H 
>-H 




"2 

5 

ta 

2 


13 

G 












*• 




•H 


5 




<fl 








" 


"" 


Group 




2C 


*— * 


t^ 


ai 


















,H 




*i 


ti 










Name 


£ 


T3 


,H C 


tt 


O 


C 


Tj 










O 


Q,> 


.-J O 


<J 


r^ 


CO 


«x> 












■9 


l-l 


% 


E"«, 


43 

3 


-a 










,-4 


c 


C l-H 


a 


c 


O 


c 


C <t> 








•H 


3 


ili >*-< 


3 


cy 


^ 


3 


O c 






• 


35 




CH IS 


33 


Ch 


H- 


S3 


Eh O 








—1 

X 

o 

" X 

o 


O 
.H 

X 

o 

1-4 

o 


O 
— 1 

X 

o o 












, 




Place 


,-1 


r4 


■H >H 


* 








* 






Value 


X 

o 
o 


X 

o 

X 

o 


X X 
o o 

o o 


X 


o 








.. - - 




# 


f-« 


,— ! 


r-l ,-( 


< — < 


• — 1 














X 


X 


X X 


X 


X 














o 


o 


o o 


o 


Q 


■^ 












^-i 


rH 


.-H ^1 


~! 


'-J 


fH 












X 


>t 


X X 


X 


X 


X 












o 


o 


o o 


o 


f~> 


o 


O 










•H 


—t 


-J -J 


_J 


^-> 


— ? 


r-H 






? 


i 


X 


X 


X X 


X 


X 


X * 


X 










£;< 


-*\ 


JO \ J 


'O' 


o 


o* 


o 


O 








~4 


^ 


^H A 


,— ! 


^H 


.-» 


_4 


— > <-i 






Exponent j,al 




o 


o o 


o 


o 


o 


o 


-4 O 
O O 






Fora; 


■H 


r— 1 


H iH 


"H 


^ 


1 — 1 


i-H 


— ! rH 




V 




8 ' 


8 


8 8 


8 


g 


•8 


•'O 


O >-H - 
-4 




r- 




o 


o 


o o 


o 


o 


o 


-H 










#v 


*\ 


♦\ *» 


»s 


•y 


*. 






' 


fez; • 


Numeral 


§ 


8 


8,8 


§ 


O • 


t-l 






X>„'S* j. 


3_.~ 




^. 


*1 


*. *» 












.V 






Q 


. -.ql.- 


.,Q, ..-! , 

1-4 


— ~ 








.-_,. 


>~- 




-._*, 




o 


o* 


, „ 


~?*- V4i - 






sH 














•^ 


gf\ * " 




H 














1 



























to- 






Decimal Systeii! Place Value Table 



..-.Jtt.-.,.- -. - 



SaaSI 



w.s«^ 









w^'-WjTi»>(^.«^\<?*UW^>yi^\^ 



\o 
» All the ncmter: rcnrecented -above are called novjers. ol ten. In Id 

the " C is the exponent and the 10 In the 1-asgft In 10 the I Is the 

exponent, chlnci lO 1 "^- euualc 10, the oxt -orient i is .frequently o-nltxtd. 

HowevertjFali other exponents must he written vhen expressing powers ox' ten 

in exponential form. 

n , o 

In / 10" the 0,ir ti.e exronent. Notice t.;:at, 10 ;.ss been dei'mec 

/ • 

here as- being: equal to one. In general, we a^rse to del" .me a ---- 1 1'or any 

number a except 0. The convenience oi" thic dci'inltlon will t-eeois apparent 
later in this section. 

The un-e of exponents enables us to shorten t.he expanded form oi' decimal 
numerals ar illustrated hoiow. 



Oj - (.. X 1000) + (■_ >' 100) * (0 x 10) + [< x l) 

• (,- X 10 X 10 x io) + (0 X 10 X 10) + (0 X 10) f (j> x 1) 

(:: x lo-) + (>,:• x- 10' ) + (o x io^i + (3 v io' J ) 



The vorLouc forme oi' renrononLiris', the number 1603 illustrate the use 
of" expanded notation. Writlnr a numeral in expanded notation explain:: the- 

neaninr oi' ctce: di.c.lt l.n the numeral. Tne ion; usinr exponents; 1c .e onset imc-: 


simplified, rcpi.a-lnr 10 i--y J, cc ;:bown neve. 

>-VPcO - r c x < iO""') "' (- x 10") + (7 x 10") + (0 x 1& 1 ) * (0 >• l) 
, • -;O,O00 ■* .'000 -* * i'OO •* "*1.0 + 



'"*>■ 



Not only are oxj onentc crol'ni in s bipl iry is »c *..• k- writinr pro-.hiytej they 
rreatiy nij:.t.-li i'y certain com; utat-oac. Laj'^l- <.c:ux;pioc or consultation will 
hidicat" thij value oi' uninr; oxpomrac . In •-'.-& -n eace note the relationship 
between ti.e cxi ononis oi' tnu factors ond the. exponent •..>•' i;,< renult. 



With 10 a;: th-:- Lure,; 






10 x 10" ■... 10 X (10 x 10 X 10 X 10) -- 100,000 10' 
10" x 10 £ = (10 X 10) x (10 x 10) - 10,000 = io' ; 

io° x io^TTx-Cio x io x 10) - 1,000 - 10" 






..I 



(c x l x _ * (c x ?; -- 3c - :~" 



~ \il X ^ ) X L" 



#1} 



^SggSKEeKKEJEiS*;; 



^ili i^;a j raj iii .ff gg ^iu f ii^u , i.;4;j y»yg«fl 



i(.J(i!b.**"5»» Mt**m*h n Mi i.atMMiifitiS 









With ^ as the bene: 

>f x y> r bx 5) x (5 x 5 x 5) 

5 1 x J J - 5 x (5 x 5 x 5) - fe5 



31*1? 



Likewise, with a_ as the bane: 

a" x a" - (s x a) x (a x a) 
. 1 



a x a' - a X (a X a X a x a) - a . 

v ^ 

a"* x n - (a x a x a.) x i •* a' 



Eo.-h of thc-ac examples illuctrutco the property that the product or tv(0 
powerf:- oi* a riven base can be expressed in exponential i'orra by adding the 
original exponents. In symbols, this law may bo stated as 



>!i X U 



m+n 



Thus, for example 20' x 10" ~ 1C " - 10 . Notice that this law n«lds wnen 



1 when a i 0, 



one or both oi' the original exponents is >:erG. For example, 

•: ;, +0 ■< , . " 

10" x 10 10 J 10"'. Hence, our agreement to aenno a 

makes this lav more general . 

when it is necessary to ur.e lar^e nu'nbers , working" with exponents ic 
especially convenient. For example, the numser 7,000 may be expressed as 
7 x 1,000 - 7 x 10 : ' ; tho number oO0,0Q0 o x 100,000 o x IC ; and the 
number 0^,000 - u> x 1000 - uj x 10" . The product j ; ,000 x 000,000 nmy be 
written as: (7 x 10 : ') x (o X 10"') •• ( / X o) x (10 J x IC). 

Ti.e earth's weight is approximately 13, 000,000,000, OCX ,'HX>,000, 000,000„ 
pounds. Nov this is o larre number to read, to write, or to uce in computa- 
tion. It may U- written at; Ij x 10"'". Astronomers u :;•<.- ninety-three million 
miles a:; the mean distunee from the earth to the ::un. This number may re 
expressed by the numeral vJ, 000, 000 , by the product expression 
93 x 10 x 10 x 10 X 10 x 10 x 10, or by the exponential form l )i X 10". 
The exponential form oi' this number is* convenient i'or most purposes*. 



5'» 



iZ 



„. , sarr.-rrs"""- " " 



r*i* mvi! ! £i l t ** Mi<t * *!<i> Ia — W "« " 



••--^r^c'^ir^^swM'-'^^^ t* ' 



,k :d .»■*■< A 



, -^Vi 3m -^vj'"iL'iJffl : T^"~iM^-T?J^V^v:u^ ri' n i''.^^^'?*-. -■;?'&'■—*:"' 



5, Write the- fei lowing numbers in ex] -anded notation uolng the exponential 
;'ora: 

{a) four hundred thirty-six 

ft) I'ivi; t:<o,uu-uid, 1'our' hundrod nine 

(.:) t.'t; ,"• -* "rec thousand,, sine hundred eighty -:,;eveii 

Id) hive Kiillior., two hundred fifty-six thousand, eit'ht hundred ninety. 



o. 



C 

C-ui i 1 v 'tr.> rrii.-.i-; Inr t-art:: i,nThe talle. 





h 

J'roau >t Exi recr. ion with 
lie j 'Ofa t c d F'i ctorn 


Exponent in 1 
Form 


D 

Powers 
of Ton 


(a) l<:-0 


10 X 10 


10' 




(! ) iO,u00 






Four!..- 


(,) 


10 X 10 x 10 x 10 x 20 






(<i) 








1 (•-•) 100,000,000 




*' 





writ* 



in :-t'a:':d»ar-i i'orm t;>«" nuwrul L;:d: .--•it*>d hy 



(t) ( j v: lo ) i (. x 10") ■• (1/ x lu ) 
(<•) (v, x IV') » ( - x if'") • (_' x l) 

( d ) ' ( ' x l^j -* (Ox 10' ) * ( C x 10 ' ) t ( • X 1 ) 

8. the earth's weight was given as ahout lj,C J0,000,000,0O0,000,0O0,000,00Q 
pounds. Exp re or- the weight, of the earth in exponential form. A pound 
is approxifliatoly <squyi to u,£ Kilograms. What in the weight of the earth 

> >> \- ^ 1 * k \ . - >»^i *»•■ * - r ? 

y. Old you ever hoar -.ho njasc "coocol" yr.rd i'or a rsustx-rY Goofo! I., the 
name riven to a number written ac "l" followed iy one hundred xerqs. • 
:1: Express this nurcbe/ »§ a pover of .10. 



SiijiAm?* «?= 



0| 



JiS£:~ — — 






^^-W*«»i£>Mi^iitfcUiW-ii*w5kiw^ !„,, 



.:.n iJum-.-rution In Other barter. 
n — ' '^-■" 

oi' ru:ni <t: - or !•':»* t.\yn i»y 1 enr . i t ;<T*<onr ru 
of <;«i:Ly iivl:,.- rat:. or V:.;sn i'ro::; i.:.* -unt.i xt. 

linv ;n?iny rorr »i\; . do: - '.-:! ivn''? 

Ht>:' !:!:;«;." :: i '•f.*.:l :', is: . quyi'S.'.'J'::? 

■io. r.fi:i* ; ■■ r:^:.,- ;•:;=.; I:. := •!>;';: !• 

Ht>'.. natiY d-,:y:' ■•.;:•'• h: *,•«•<>*:': 



•i. 'ir t.h ! " , ;i' > , 'i.nr' is fro*:- a 't ivities 
0;' a r;i: il j. r:::;a !. !>>; toe*,, :;tay fj't as 



i;f "•'.." "u ::r.' . -,o. 



:0.- .'Ms:.. 



i a i r, V 



• ■] • 



•» 'J .< -'» 




L;,.'L!i''. L>J. :.0-> U..J." 



:. : - !i -: l *., , .v. : , , .■-. 






: hi 



*. > a : o: 



i • 1", •!, ■• 



* t 



-;'.;.-: oa 



IJiXS r* I*OU t ' t-lii ^ t^SV i' J t,' 2*t: v '. i wl , 'i t "U. &?: 






•' '0'.i"\'>, or :tiusV hiJhj'iy uy v:'t<~ 



numeral - =• . . This nuwrwl la roud "tvo roar, L.&.- >..- i'iv**." IV S r. u-f.- . '•:"•;; £& ry 

to use; ' at- writr^i. ::ub::crii<t "1'ivo" to dc;-lynalo -.ho ^ar*?. i' 1 vr- ;:rous-Jnc. 

rollowliiL* »':'-n c',ro'.ii>ir!i' f.y ;'i v.-.t 

■A .-> ?i= ^ ■ v% •* ? * *\ **\ *ti 




DM 



* * • ** — ~?wi 






V 






i4,*...;^i%i!w' ^i-iii 



;.-«. . *V.w«i«.*.".i:'i«S**.i*^*&*i«ss: *«* ^.Vs***™ 



ft 11 ,.,.-,.,,;,. 



ti'.- iiuinU'i" of ,'>:',• in this :&% a;- -jO... . . ThU; U' read ac 

" • 1VF- 

i i\' r » anu rr; irvn* r t^r- v^o nu.'n* c r * i 1 toon* " 




I \J \J $ « * U . 




Hi. ! ,u> o;;. 



.-.' a." i i'A ::i..v-: 



r ; , ,*,t -•!: ov«- 



l o.'i:- idorx'd a , ro n , 









A , _, ) 



.'. I ' 






i,OV 



.-.;.:::•! !•.- 



::.: Oi. 



i J- 



;..-.. x 0- 






i !l i .' ' • X 

Involv !:..■' 



.'■ O : ' 



::.o. i 



l-.l :."!'.!, L>::.i V:'.:. :;,.ji'i- i'<-c,lL:,, 






but v;.u^ den 
Ujl. 

i, a 



•Cii 1. jl r,j si:* wm ,-. 



roru-v i .u u;:a 



r.e>\'r<r\ 



[1 x ID-') t (. x 10' ) + (i X'lO 1 ) + (1 x 10°) 



5™ — 'HWHitft^Kl » In "S/h*" S"<!?HUit Ln'lkrl* of 'tiiir ••i«(ss N 1>«s i i', if no i ar.c i*; insl ••ct.03 ylth ;i 

£ - Teadier^ &r* eiicoui'tstie^ to ll^i'l the %im<t <k*vovc;i \.u t.»f- rtud,, oi' »..<;«;* 

icLsib&S&a QtlASl" than %i:u. It is isipOl'teat Tor wuplia to air&>tKtuea their b««k- 



■KSS?i 



ground ty uo^iiarLiJ^ l:.;, :"tru :-_ ^rc of :ju •;.. r.-Js.v. :::r. •.-•Li:. 




?*- 



53 



"•mewl.* »».«■. 'J. j 1 , "««» t "»> i .'-.*i J r\ J - 



*■&<&» atfit-ri,. 



&^^^^^M^u^^wi^i!a!s^^»^ 



Quarters, nickels, and pennies may be. used to illustrate ejtaziples in base 
five using no more than three plains (digits). Finee ;> pennies eq-;al 
1 nickel, and J nickels o<tfal 1 quarter, grouping of there coins? lends 
itself to grouping in base fiv^. 



Class Exerciser 

10. Look st the exair.r.le L:i t;-e dLa.-'rKr.. 

(a) How many sets of I'ivc x'c* are 
Kow mny cin>"ie x't: ix-ma;;;? 

) i^i-resc t:.L- nuj;i; or of :•:'.• «:■ : 



( 



iuum-ralf Ti.c-:s rfti-i -■'■■' La:.:>. :'iv- 




11. Comt-lvto the : , ; , i.'ii't: 



;•■ ;< x x X x 



v 





X :■: :•: >: -"•"■ 


.X /. v ., ;.. 






x y. x >; >: 


y. x x v x 


x >: *>* :■: 





/ 



Bate Twf-lv'- ; 

" In the base tea system of" nujraeratior. the place values are powers or ton * 

' ajid-.tc ; n.aii^iiii„ar£LJi£Sfe4?- ta. "yiSLJ-S"*-JI,ilH. ^^ eT:1 >....!:!;£ J I?-'LJi^:l l Liti!! '. 

powers of five and I'ivc digits are needed. ^ " ; t 

Co !;, "'dc?r nr-x't ? ! b^. •'•<"* t.v--]-,""- :'-v - £ ! -' v ::; o; ss-si-v-rh !>•<:.-. i- < m it ».- --..<.-.<., v,.^ 

, i . v »-,,-•. .>..„+ -— . i •» >'."-. f/ivwi- ^^ '^iv T.r»*' *■ V'** 1 '.w-iv* *liff«?r©nt ^= 

j.-lace valuer m tiu;.. livntw;:: »«'uiu .-. .w.--.-... ■-. -•••■ -»■■ •-■--» — -* 

dl£*Lt-c would be needed. Ti;iw im-ann 'chat -n is«a. l,.u:; -u ->•,>- =„ 

li *u 6. 7. -B. and, c .* we »\uf>t assign two tixtrt* dlj iu, ■ ■&;/ 

represent "ten and ele"vs;i» To r^epr^sMsnli t-** , #o , t. 1 v-i.hrete, *■»»« nys&fe.r ox s e . i!J 



Cuii. 



t-* t- 4 



.a 



r- 



-^m 



h 









ssa«iK»SK'.wr*!.™- ■ 



.•: ! ;.:: <.> '.w^Lv.' numeral, we would nood to £roui> by twelve: 




V'.: 1 ,« ' ... 



'.v;ci,w 
w> ••!•>•' :. j::- >•«]..■ ^r-'- J. I t;t. »'-d ;;cro. Sco ii' you .'an verii'v the 



" U'fO 



.'CU-VC- 



{j X i,, J + !,. X J ) 

(e x l: 1 ) + (\< v i) 






, •. i . 



-, (i X I, ' ,i\* f'i' X l: " ) + (,i X ll 

V" ■■■•■' 

>i:.d uivr. Gy.j-:; ::-v iy V-'tlVfC Ix-udc 



•uii'-d 



J i i I 



,>■>!! 



MX. .J •) t I X 



* fOv -S 



) *■ U x ' M (,l,x : "") + (0 x . V) 



•/ 






;. V t * III 



. ";, it 1:j ;.arti to draw a <jooti .-o::i~ 



k> 



life 



^ 



buiiuaai-y 



'iYif following chart 1:3 help] u 



i&jc vjiluc HUiJ.ci'ation 



understanding letter T.L-? numeral 

,en;i w]-.; di fiVr- ni ;ar<-r:. 



,-eJ.vc 



1-; 



i-;- 



.11 



10 



ii 



i.i 

100 
I ( \ \ 

\ ! f • 

lil 

i 1! 



18 



±0 . 



i'O 



I'.' 

l<o 

,110 



) i 



1. i 



i > • >. 
ill! 

JG0O0 

i '."'„• V i 

.LoOiO 

10a W/ 



Sll 



^Hr 



* 

particular s a;-', rye ten 
ic 1.3i-':i >.•!>■!•>! 1 y 100 

CI' "UK 1 .; «".*>.■ j "u 'i .*'-. oi' .u^ 



!,' r ; . • !iiunci*'jX ol '>••*£ vc oj t OS-'C- sr 
Similarly, tho rceond nov? 
i); v,et \ arc. 

li.«:t lea ;::v,r^ unc vi.olr rtuc 
;:;^r-.;*LIo«i .y,r.v::.c '..-ho:. dh':'?:v 
.•y:"t..;ni;; . M<-r:or.v work i,\; not 



10 vhtn written :.n that 
oi' the base (bane x base) 

n-c i.;ei;i -;;i underrtandihi- 
.; rant;-, an, I t:.2t tksv nakc 



;ia,; 



1: 



• JO!:.! I • " 



.• ;'uilo ; 






11 



1. • • 



.ve: 



•orri,','- 



ThCi'v \;V' 



ijto s - u-..it r ;. 
tw<.'iV!-, :,-i,d 






Vifc4 



c '^ad 



ones , 




^T^^^^^-^^-v^v^'^^v^-^^^.-^-e-,^ ^-^~v^v^- 



^S5$SKVwii«E«c^r-:.a3R •: 






(d) 

Co) 
(f) 



Separate the set irvCo groups of ee^en, 
There are sevens and ^^^^ ones. 

Separate the set into r'rours of five. 



o.; : - 



Separste the set into groups ox' four. 

"There are four x fourc, fourr fend 



oner.; 



\C) Separate the yet Into rroin a of furco. 
There are three x threen, i 

(:.) Separate the pel into rrouic of tve . 



•eor. ana 






two X two J 



... .,1a Section .'.J ve learned that a particular c-.-t of otjeet 
ent=,,*rv neveno, or uy other numbered groups greater tnan one. 
;e -.••:!} represent the suae number rv different nunerr:!;- v.-ne:: .is 



£ ;ayy Le grouped by 

Tnic means that 
I:: ; different bases 



jonvert 



HE , to i.-ace 
" tveive 



•< i •' 
ii 



TO •'. a: •;.• 1.*. :; . 



-^tv:, Ive 



x I.- 



A 1... .; -s- U ••' 1. ; 

x i; ) + ( j" '.< I i ** 

v. -i 1C 



Clar:: E>:-..-roisos 

lu. i-.y means of -..xi.anded notation, eonv«.rt eaen iruaerai ',o 



fa) "ll, 

r lour 



e) 101 Oil. 



;wo 



•t; 



revea 



(di PlLt. 

* ' tnree 



i»l. 



a:. *■ lv:i !i-.u:i'.-ral: 



twelve 



^'ianpins.' i rosi hare 



*o ut.'^or i^ace* 



You have ieax-ned hov: to change s numeral written In la; 



■■von to tne 



corresponding base ten numerals. It is also j OnGiU.le to '.•h«n{j:e from a uas'. 
tfen* 'to a base seven numeral. Let us oea hov tnic is done; 






£r f> 



**SI 






t- -x"*-p* -vbj ^—^fts^KBSSir T ,_ *-f 




In base seven, the values of the places" are powers of seven. 



7°, 



I 



1, 



7 J - 7 x 7x7 =.-,3^3, 

h 

T = 7x7x7x7 = 2*01, 

ana so on. 

Suppose that we wish to change frony the base ten decimal numeral 12' to 
a corresponding base seven numeral. Instead tif actually grouping marks, we ' 
first think of gi-oups or powers o% d&en. What is the largest power of seven 
which is contained in - 12 ? Is 7* (7) the largest? How about- 7" (^$0 



or 



Onlv i ar 



arc 



:■ email enough to he contained in 1? 



Hence, 7 lh las largest power of neven included in 12. To find how many 
sevens are contained in l.,\ we divide: , 



,> 



The quotient i ;:ieani; thnt tnc-rq is i -even contained in 12; the remainder 
t> means that t.\ere are z> once: left over, liow wt are able to write the base 
ten numeral L, ;.:r a bare reve:> numeral. 



12 



+ |> x li 



1X^,^,. - 



Consider next Iho decimal numeral 6h . l : o write this in base seven, we 
think of tne iaiyert i ow..-r of rwV'. 
Tiiu: - -, vt :'tv. write: 



fixst 



■0!it.isi!:<fd in 



1, - i'i x*ify) + {'; x Y) 




i'.lD K 



X 1. 



The first division shown enables /us to r 9 place the first blank 
space with 1. However, the remainder 1> still contains 
the first power of seven. A second division, this tiae by 
7, gives a remainder of 1. We' may now complete the 



sentence a;~: 



/ (1 x i.y) + (, x 7) + (1 x 1) 
.- (1 x T) + (2 x 7 1 ) + (1; x 1) 



121 



neven 



**1 



"wESWhwks? 



- 5?T * 



or 



1 



*5 









^^ gi ^'iy- p-T ^ajfi^yVy^ilys& SW? y gfiEKfe*'*^?*? ? >^' * "^ " ! v.ty i !^ , % :,t "^^T. *5~^ t ^"^^^ ^TS'f^^TS^X^lMiS^ J5"\ 



Let us i-har^o the decimal "numeral !?£- to a base seven numeral. 
Recalling, again, the powers of seven, we select 3'i3 as the largest power 
contained in y2k . Dividing by this power gives ^- 

a quotient oi' 1 and a remainder oi' Ibl. j-" 

next, we divide this remainder by the lar^Ci-u 
remaining rower oi seven, < i y« «# roirtinuo 
to divide each new reminder by •Je,-iv&i:inr , 

powers of seven. Now we are aM" to write, 
in expanded ronu, tno sentence: 



iHl 



ibi 



l.v- 



I , 1 « 

1 0-', 




...vJ "•'(,•"• 


X f) 


"T-»{>... 


■ x 1) 



•I s , •-.) '• ( •: x ••■') -i i ■ x Y) + iv> X 1) 



... •■ \ , r ,* * , - , , i , v . i 



.mi. ,til( 



v-.-n iiu'. 




0!.:.aii 



,!)l 



; cd :.:! v,=, ;:--;-:i ^"- Divide 
r^i. Dl V-i-- ' .'■ r:i:iuind--rr 

:<"d!i-i i. .' . :.t:.-!i- .'" ; ow-vr of 
nLi!.v..-rSili; . '.:.-- , - ^;.v : i'u,H;du3 









division by decree;- ing j.-oweru-or 

.four C^- Vo ' : * ;!^, "'^'"'' ; ltS :-;:C".vi"j. xi. 
w?» tnay wr.ii.yr 



M, CO. 



1 L RTT 



x h.) 



( -- y H> s 



f * •,■ 



^ j. x « ) + ( L x i ; 
( i x -- 1 ) •« ( L X 1 ) 



(i x ■'.) 



B S^i £?"?"? ?' ■*"-'"""""; ' 



111., 



b't 



irfrcS-Sii 












113 .- fl x 6'i) + (j X 16) + (Q X h) + (1 X l) 
• (i X ••■''•') + (j X ••") •«■ (0 x -=") + (1 x i) 



1-iOl 



four 



To vonvorx lace ton numeral r- x,o bacc- five r.ame-raic, Cuud;/ "hose examv.lsc 

1.0;, ( : - x ,-p) + (1 x >) ■» (0 x i) 
('•• x V ) + (i x 1 L ) •♦• (Cxi) 






.17. 



:. 1 a 



: iV-: 



-' 'A , ( 1 * • . ••■■ } -S ( ! V ! 



! -v i 



1 L 1 ! : 



••••>'. 1 



•ft 



-!- ( I x , ;,; ; + ( j. x ^ ) + ( X 1 ) 

1 1 x ', ; ! 11, x > ! ■*■ [0 xl! 






( ! ■ ! ! I' 



lo. 



I r. ) 



-•!!>• 



...J. 



..1. 



-: our 
-i'o .,;- 



■j!..- lo l :.•. i }>: 



; . ■ 1 



.d! ; :=.i.,.d: 






Ni 



ST- , 



£KGB£&ji U a*— - 



•?^?S!3^S-=^=^*Sr 






lt^iy.rrj^Ti7ix" r 'T ti T''TTrr , r'"nrT~i~rTtr'.''-i t— - — c*r — t r*rriTi— ~~r 



;=^?^?3M«>^^! 






2.5 Just For Fun 

1. People who work with high speed computers sometimes find it, easier to 
express numbers in the octal, or eight, system rather than the binary 
r.Ystenu Conversions from one system to the other can H be done very 
quickly. Can you discover the method used? 

2. An inspector of weights-and measures carries a set of weights which he 
■ .uses to cheek the accuracy of scales. Various weights are placed on a 

scale to check accuracy in weighing any amount from 1 to lb ounces. 
Several cheeks have to be made, because a scale which accurately measures 
'-j ounce;.: nay, for various reasons, be inaccurate for weighings, of 11 
ounces and more. 

What is the smallest number 01' veirhls the inspector may have m 
:.i.K ret and what must their wei^htr- be, to check tS-ie accuracy of scales 
:'ro:ri 1 o=.mec to 15 ouncer-? From 1 ounce to ,31 ounces? 

Thlrboroi lem is related ^o the wcirbinr problem posed in the intro- 
/^duc^Lon of this book. It i:.: also related to the- binary numeration 
~v*tom. Do von see 1 ho rolaciorcciis ? 



ral 






L.---. .. ... to a base ten numeral. 

•.ho b;jre ten d*"ii«a! numcr?;! .-. . I >> to a t.-ayo five numeral. 



::tt<l-huc ,1,1 Mi.'oy l;,- folio.,";!:.- c,v! trick wi.:-J. d'-j <>nur cpon t 



f'(- 





A 






h 


I 




.. 




l(- s 


( . 




li 
.! -. 




,, " 1., 
Y 1^ 






i 






* 




t 


J.. 


10 


!•• 


li 


1 i .. 



Directions: Moke a set of cards as shown. Teli a person to tnink of a 



rds ) 



number 1 between 1 ^and lb and then to veil you on which card (or car 

it, appears . . _ > 

' You .•sOftoll him -the number by retting the sum of lh>f first number \ 

on every c&rd. named, ., ... 

K>'nmr.]r: The number .1;. is shown on cards- A, b, and .D. Add l f *>, 3 
and •••• to i'ind the- number. • 



'.^ 



-vX^*- 






_ ,w — . :■ - .^.-B <*fc 



A fuller <n ruiunr Ion rnd extension of thin nard device may be found 
on }"-at".e <<1 of thy Teacher's Coinratntary for Junior High School, Volume 1, 
Tart 1. 



iVi; isiir^r* ■■' tiur dir>.;u!':;ion urid sii'iiViiiCi: on curd i'uocjiirir <ii 



<i n? cur 



free loo!*. lot, 



l.!j 1 tii.'..«..i 1 •<• 



Ohf £P' :icit lo ! *'■ 



In the marble nrobl<jm*;<osod in the inlro*lu<-f ion of chiy hook, the niussber 
of »<rLsf.r>ir.£S required to locate the hebvv marl-lo ajsoni; a nosier of 
:::crtler va.-- dev.-rnii'j.ed. Co:r.i lc-t-r thv folioviri. 1 taelo. 



Number 

of 
Marl K.- 



l« 11 I. 1 .„• I" I;. I- I ' !-• 1 • . 3 .*':"' 



Number 
' of 
Weichii: 



*!..- ( , .T O.*' " -^ ! 'i ^ * 



.\)-i>-> 



. '"'C' ( : , l;<\ I, C\» vi* Ol' '-'. s '. 



L:;. i. r-.-.iu: . :".d I:; 11: I- d 









' i !'.'.,'.: . 



1 .' .. 2 . . . I .... 



4 



fO,T'!T>. 

i-0 1U0... . 



iUw'U I \\J Vii 'viOiij \* .-' 



:.:) 1 ; 



„-. : or.^n'l i'j : 



(d) no, 



SSSi- 



J 



^BSSS?*** 1 ** 






S; : r 



."tt3* 






In the t-MCt' p;iven, represent one laps than easSs number represented in 
Exercise £. 

Suppose you are paying each amount of money iictcd in the lcrt eoluinn, 
Ruler, oi' the game are (l) th;vt you urc only quurU:r;j, nickelr. , #nd 
pennies for payment, and {,-, .1 tCftt you u:. :: *ohe jinsllct.it nu.*:i*-- r of coins 
Complete the table. 



Amount of 

Money 

Example: 

.. • -.'crar. 


Number ox' 
Quarters 


IfuirX'CJ' oi 
Nickels 


I«ui:u or of 

i'XrUP,ie3 


Bace rive 
Humeral 

10-'« .. 

i ive 


■j • _^ ) con -v c 




- 






.'.• .,".-nt,'; 








* 


'C-nt'.:.:. 










n. 1.';. .:<-ntr 










*v • /« ^ ; !'.,:)'. *.., 










;.-. $1., •>'..): •'• >"'■>'*-: ) 











}•.-! :•<.-. .-r.i.;n, *<.:.■. n.;r:t er: 
1 - . 1 i:'- your :-..:•.'.-.•::.. 



■•> /. Z_» A- ;: — 0» 



:;u ol:: 






(a') \.15-_. 



i « i 



••0-..i . 



(u) tti •- 
(b) "i,h = 



•i w *.!■• -Invil !. -::;• r-i.l 






f'.-i. 1'..'. 

('■0 J.5-S 



-\,'A.lV. 



tour 



:!••. 



r.l.t !Vu::K-i-ai, 















- : -j'r ;: w«8£" 






1. (a) 






Finn, nrrwiH-c the jt.vnibo] :,■ in 



.o j 



on m 
nnnnn iwiiii 



:V1C 



nnm 



■r-* .' o:' ■:>i , :.i* . u: 



(• ■-. I- /' 



><; Iv ' i 



.•.iiiW; orrijjj'; 



nnnnnnn urn 

_n fUW muni 

:hiinf» to ^) Chenre t,o (\ 

A " r: f on m 



/ 



d; 



V Xl''i! 



(. -.. j,\< ;. ( { ">; ]{V '< i ( X l! ! * j i ( " 



i-i 















;: 




; 


D 




K.* \ .T 




i :\x: 


1 "* 


;•„• 


.'** ; . .. \ ? 




:■..'.; v.>.v !.'. ! & l 


i'OV,""SV 


J- ' . ;:,- 


* 


:" ! 








j -\t, ■ * v t 




: ,^ ;~\ 












, i 


i 


.v^. f . 




] ■ 
* * 


*'•• -O: d 




> 


•■ ■ f > •■> -U 




4 • 


X I * • " 


••K.X! -,X 


i;. 


* . 


I : :'•..:. 


( "'* ' 


i , •,;(- 


0,-OC 


1 


■ t 


1 , >-. | 


■ '<..-.!■ 


..! 


i 




( •- ) 


! 0, ■* 


<V 0(- 


i- .-J 


xi 


'-* 


X I-:-,-)! 


;•-.!• \jv 


i ■ 


■■ • •• : • 



\ ; ,, jj--. u,',- .'U 



8 1 ■, v 1 •; ■■ ' 

1 i \l\ 



I -i • .-;...(: 







iS^&^vi? 



J 



.. .ibl t.\_ 



^sssasf 



L. •', 



-five' 



a — ! ive 



iitt ;.",*.- 



Tw? 1 vt- 



i\;i 



j WO 



', 1 ,..,... M n l,, f -. 



On<- ihournir! nvven 
hundred thirty- (H^t 

Tnourund: 

Five ii-indrcu 

Thro- 1 - hundred 
i'or'i.v - '.Li'?* - :' 

Q'.iv ";> Jhdrrci 



Oat- hundred 
forty fours 

Hundreds 
Sixty i'ou.-r 
Forty >}i:ii-r 






ro 



i'wulvc 
» 


i'efi.e 


Kir! it: 






•our:: 



i . ,..,,,, 



.x'O. 



Olit£ 



One; 
One 
Oh*" 






J i • i X 



i ' - 1 U 



I i ft >. 



I . 



( t >. ■ ) • ( t >. • " ) * ( -. J 



. 1U. (u) Vs, , 



0) if. 



G-) :-i. 



i A-v'J 

(r) i oi . 

i our 









lb. (a) 



1 our 



(<' X ■'«' ) + (j'X U) + (1 X 1> 

^0 + 1" + 1 



(j x V! + ( r ; x i! 
'i < 



(u) 101011. - (1 'X ••"') + (0 x 

two 



(1 X 



) + (0 x .>' H(l X .'_> + ( 1 x 1) 

•» -»,•••* 1 



(.•j) i , , ... .. (. > y ) ' (i ■*> j» ■• ( ■*• ' i 



{- x "i! + I'. v i J 



! •<(.,... 1 •< '. ! ■. i '• 



". ".•:■ I '. '. 



. ( i ..; ; , ; i f 1 .-. J . 3 
; • . i i 



(!.' 



!v- 



:~,t V(.*:' 



V 



17. 



,ci: 



l ■ ■■ :.- 



UuVt 



i! :x>v 



Tl }i 






4^1 






'=: i :■!■ 



| BS iagr<T 






Sh 












:$. 



.-i 



JS£k3"' — • ' 



^!) 



.•^sss 



;ssss? r 



Before we -an &o i'arther into addition in base five, we shall consider 
what the addition al£orLtiim really means in base ten. An algorithm ic a way 
oi recording, thy thought processes. In base ten addition let us talk about: 



y 



3> - j ton:.: '< '„•■ ov.co 

t ^ ! - h ynr; + '„■ ones 
t tens -i 11 ones 



y 



.ens + i ten + 1 one - 

.• tone + i one - „•! . 



To add j£ 



... » ,- 






md n-n it iL- i^rsjti.'&l to draw s:- >'■*£ snd t 1 
,be::; in lenn u;:d ones, and tnon ••ount th" nnn^.er of tenn and ine number oi 
oven iiiourn ILL:; Id vi.at we really sneun Ly addition or v.-.olc runnberc. 
id v.!.- .--^n: f-r«o-H& ;:K-tnod. wc t renk t:.e ;*^oi 1 c-j; s low:, iavo noverai email 
!;.>d. '•_-.". •; fi in ti.i.v .i^ur 1 . 



fo uv 



! O' ,».* ...... 



1 1 1 f 


TIM 


-m 




r i I I 


i i i i 


i i i 




f 1 1 ! 


t rr r 


i i i 




1 1 1 1 


i i i i 






MM 


1 1 ! 1 


i i i 


III! 


Mil 


T7 1 


rrrr 


III! 


1 T 1 




Mil 


1 1 ! 1 


1_LJ 



□ D □ D □ 



□ a d d a a 



j 



i ; : :"iv , 



!U! 



JCJOM 




,Onv .;^ l. f .* x-..*au> ot*v" dUu- ^ \ n^ ;*i vi i..*.i, i.--u. 4 ^ --..iij - J -~*> '- ~ ^«.*_->*. t. . - 11 ' ..»iw»*.. 

entries in the tabic oi" additlo\^ ! -ombinationc* Likewise, addition in any 
can be performed fiver: tr.t tsMcN^i" addition vo.-":k inationr- in that here. 
0u>- aire 1 -! U;n*s exirt to eliminate tnis nnyhb'al a r*r- roacn to prOL.iemn. When 

•rrOi^l, H"*'"'; !:Ui!" : il i ,V , Us'- -.iddiliOn ; b "* i- 1 " '" : i J v ' ' '■' **" 1- -di catliif * l:.-.:~ 

-■r*; ,, - , r> '.•!*r 1 :'*^ - ^" t, v, '• r*'"^^ ^r - f^.r.—T-^ ^ten ibrQ;.' r *b oneh t i^e g^ ve did e^riter* 

Let U." iiOW 'Si&'s'C i'j.I.Sl'-' i'.Vt: t8uit Oi ^ua..i .Ui!. a..'it : "» • 0-,',' Oil C -ii. ;.\.'^U'. U •■ 

i>^TT- wllJ reveisl nsverai nrorertiet wni^ni yiiow ui. to e^tenu tisv. i>4*n*-' 






i*fif£X?5r«!*-* 
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- 10 fiver.- + ones 

.. I i'iv© x five + five:; + one: 
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1 or 



i.u, i , . 






• I- :.;j.' ; eoa .'^••.••.•i.-.'.'Si'."'. i.o V\.-t_;r*»u!<~ . H<'i"j'Ou:>ihf* in 



A L -..«,. 






•u-m'' : : o 



i a *' VU'.t'' , '*.K ULOii; 



! . s-o.i (»:' : - :\ 



!KJ 



"base tec as ".-rw 






vflj.rui to i:aVv ctu-i; ui,;; -ohrLn; -i. addii. ion t.o-Ulv::. for s-ar-.v rc-forei:-'< . 
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Addition iablo, Ba:;e Dove; 



Addition Table, Base Three 
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Ths addition ol two aumlcru Ic rcj.i-cucntod b-oiov In rour Alvr^rLul 
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Banc Ten 
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ten 



Base Twelve 
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twelve 



"twelve 



'twelve 



Base Eight 

,i53 ei e ht 
+ «.a 

SO*') 

c-i£!it 



Base Three 
3c'002. 



"three 



+ 1000, 



t-nree 



tnree 



Addition in Pases other than ten ic included in a seventh grade mathe- 
matics procram because it helps to clarify addition in decimal notation while 
at the sane time illustrating certain number properties The words -"regroup" 

or "renaiw" are found in many commercial textbooks ; they are preferred by most 
elementary school teachers over the tei~i "carry," which they replace . An 
application of ro.jroupin^ ocourc in addition with denominate nujnbe -s, as seen 
In tin: examples given in thla section. 



Class ExoreLsos 

1. Conii-iexe the follovinr tal le showing the Lad" addition • •QinMnai.ions for 
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Add the following, noting the base in which each ic written. 
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3. Check each addition in Exercise ? by first chancing the numerals to 
base ten . 

ink- bars five numeral:.;. 



i.nd ' -;tsd and ohe<^ 
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+ -, lb- 



Add: 

- (a) 



11 
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<*>> 3L flve («) 
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•'five 
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seven 
'seven 

'seven 

j 

seven 
"seven 
"seven 



Exrlain the connection between the addends end the cuift for each part. 



nor.x i.-eo; :.c learn to rubtraot in tare less iv ; ra •;,! .' ! n* "..rt&Lri ;v-.i. - 
•tioi'i combination? lo.- r ; enough i-o '. -o:\c- tnorournly i'ujiu 1 i«r witt. tuom. 
Suj.f]-ose wc- Tiretend .for t.' ; e «;On>ent liust vol, do not know -,<v- aitvcr to t:.e v-m - 
traction > - ;.<V The an-wer can U> found In the ta-e ten addition taf-le. The 
question you really need 1,0 anrwer it "What n.miber, vn-n added to j, yields 9?" 
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Just ar with addition, the Dubtraetion ol' denominate numl -ere provide? 
oppoi'tunltiee- for students to develop skill in regroup *_,..- numbers need in 
exprerr irif !; : .ear.i.;rfmentr. . Thir. furK'tian&l espect of rei.rouplnr is related to 
the study of measurement in Chapter 1: . Here it an example oi' subtract ion 

W'iX.!. CI;. .'lOiliillate IIUj;;i eiV ; 



- £ ;n. 15 em. ■? >sm. - - ? v.u 15 

. - . „ . ^c . . ^_ 
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Ik-foiv ■•■- •■on.-- i'lvi' tilt ure oi' the- thtie in multiplying with base i'ive 
numerals, we should io6k oruin ax multiplication In base ten. In multiplica- 
tion we not onlv u:c: ti->:- ber I • .»'.;: It i : ] I '-eticn IV'tc, i"-ut a] no a Knowledge oi' 
l. Li.. )-o'«!. l'g or ti >i. Alt.-. oar;. ,vu-..; a v. i'y;uLIL«r wlLL l; : < ffiuli • j.II -ai Lcn a^'oriti 
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This' clearly 



.-ion ."O ts.at t :;■'.- ? iii"t iiil i rodu-'LC bre lifted in .\or.'. ^CKital -'ons. 
il-'owy Siov the I* as!'.' multiplication facte from the table are used. 
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Think of computing 7u0 + ^0 
algorithm snovn. 



iciiaal numerals using two forms of the 
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Either fonn of the division records the thinking required to answer the 
division ?o0 + cO - ? vhie;. is suggest-ed by ^he sentence 10 X V ~ 7o0. 
in LeriBs of partitioning a aet, ve may consider th&t: 

(.1) a set- of 7o0 oh.jocts hac Leon s.arti tioned into CO 
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liov- tl&t. t!,o urouuoli; listed at the rirht ia *ohe illustration show the 
corresyo^dinr; iiiuitiplioetions needed. Each, ol course, comes Irons a basic 
nk sit Ip3 1 cat :.on i'oi.r : a in tm> -i.ac.li-. 

W>.- >*&h I;) | .t V U r U *'!,!. .ill I* hl'GOir'iU-r^ i OX* til Vi wtLGPiC: ".vit-'i T>VO»u„L.^,i ( t CLiViSGl'S* 



(' ".: -iTi"" 


r/'. 




*3000 




iooo 


1 "i ! ~1 






iOO 




100 




"~ i 





Ij-'l 



101 
1.01 



.A 



■yi«i 


-I J. 


.'0 






.3000 




1000 




",^l .. 








^"- ** ^ 






\ 


j?00 




100 


) 


1 J 








? '!• 




1 




1 1 


? e 


1101,. 



f -ma in lor) 



: ive 



a. ■ >- ... 



.(Ji"C' tV,'- 



XiO*,;.: !:;ey -:.o oxi.rto^ea £j.!ai i\ 



i i -• 



1 ,;VU 



+ .V 



i > r . i 



lX.-. iv-;r,a,:<a/,'r .> 



; >'-••. :'ov 



•■■>:! *■;■•: a::". 



X ;: 



t '. • > . . **- 



HMfla 



J'- ' 



> 11 



f construct i rsr i!;-? 



l U.fct •ILv'.cioii in any luye other thou ton V-- ai-j.-yoa^ied 

:ie ci'i.ac. ■ miiiiiplics'lion . v otf.l<i. nation." lor- that ba ;■;<>. 

•■„• ;:s- t :•.'.:.. , jlvi. -on 1>, s^y ton- :::.:*. r-.-liil'- to ^.-Uliii 

1 



■siatescw.-. 



8?^'" 



9v 






Class Exerciser 

I---. Perform the indicated division^, 
(a) 112,.. • - i..., 

(10 1031 ,. + 3,. 



(c) j02 ;„.,, + 12,,.. 



(d) 10-SO.., 
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Svt up" a T.ablc of multiplication combination:; Tor bacc throe, 
the indicated divisions snd check "by multiplication. 
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Chapter •'•: 
MATHEIATI Ctt SYSTMS 



,k » . '">* W .* *•> ^-- ui \.» . . 

Throuri.ouL 'U;c work or j.T^dis- . ''\ and .• vt,- err concerned viti thc 
deveionmeat of varloua ; - ;c?i.s or iv^isiLors togoxncr vrch operations on 'these 
'■^•.luLcrc • Xl. Jc 1-.Gv g:'I LKivioi't-snt, t,!«at, Uuiior i.l,ci, school "0>.;vi'\'.-t.C'i'K uoc "ihc 
struct \TO O'" V:'i<w r; C < ras ;ir. ths'i'. UK,." : <• i)\lo to ;ivmi'.> .'3;:\'' tits- cOc&K'ritP 
oi' uu.v cp'-cirit: '.;.;sU:m under co::k; civen operation. 

la i -> !;.•;:>•& evs i.o I'oilov vo r.hall rarc-f.ill;. cxnlor;- vurho.r. ■:» .in: or ;■;. sv.-;i::: 
and -..h''ir propers, it;' a; - 'U.cv ;nay i >.■ dovolu; <"<d h< ti.!. ,'.Mor :.ir:. school* 
However, ;<■- l:.ir 'i.;ipLf.r '-v r-i,;j'J.l cxriorv' r"'v>r;'.l i;'- u^ru:"^ :*- ( r;VviS:.''. ii. order 
1,0 ill .etJXiUi- u:.d i'i-jr^ "Omc hnrortrinx. ;ro;cr\>* or ;, .;:i! "XT . !;.ir in .-jot -.-.;.-.- 
;ac":'H*r ;;; v:,; •-, ..•« rC'-.'o:n::K rd u:,:: - . i:.-:. :■-:• I'-wsini'v ! - « u •;•>•'•',. ioyed I'Or nil 
'•t'**.'vv', ; i >*'":'-r]r i ','•"» :* '* n h. •*"*'■ ' 1 *''>i' thej;"' V.'v* P...> .-.'v;'*, ^;: Lut.rod *Ol.iCH* Viii u !;*or£ 
concrete isijd :"emil,i,:sr :■ U *utio:. ;/>.•':. ••:;• cill *r • ;■:; lorfd in : ;.< t :v ; s ur 
;::;;:; \.err . ':>..<' u; ,'Ij';:vL d* '\'fclOi'.'S-' *!;l d'.-."<-j*i i < d :.'••'•> <-OJ I d i.:.*-;! ,-,v!.i i'oliuw 

Vo ,:.!';-»< rr - s./o, .cor \i I,,; vi:.', • = : . : re-- - . :o>.:; , ..:< •):•!], 'i'.'" - . ■-:'"-;.' . -.cV' 

;■'. •;• ;:>4j". :.i.,;: : ;;'. ; ••/ I :. :. :,'.''-.' II-:.' -' i : ,*"t " % "> .'• • ' ; ■ • ' r ■ •'. . r- i. ;, v: .'ii. ;:,.;;, :.■.">.• ■ !"' - 

j'"., ': . Lil:'<> '„>'.' :.0'-.'' -V" 1." . 

,'!,.iiiUt v.';., '•:,]; y,,!*^* iu ; .,.>l : • d 



H 



•,•,... «) -•. 



'.:.:)■ ;■« v ■,:.. ;r;:d- r:- ::ju, -U-v> lo; •;.«■ : o; j ■. oT 
;. .•; -d;<-<J. "'..":..• do I ;.:"<■ i.o ..: o-..' '.:.• -0™::.- 
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i:.c:. fa J-.-o--' <i ■:".■ ::;:;, 



*-sU 



.;■■•. ,"■: •.:•■:••> vacioif ]>!>^!»-r* !• .' --l'*- U'V. i^:-'d 
roiLo-..- d ;.-. .on r . • :/ -.;;•■ :•'.-■&'■> . •.'■ -r 



1. 1 '••>»•, 



v '. 1-t ; S £pod ^st.o 1 ;-^ - r>ov<:! , vt v ;irc- cicvol.O] inj* vhf* '--r.r.t-nt. > e !. i'OQT.ur^r oi' n-v 

1*1'": V <"J Ii' J,' * ; M ' 1 '!*. " ; :.": ' : .. ;,':1* '.',:'. '< I ': i '.:•,' ;" 'SOX ' CO li.*X"> jV I ' .' ^ N .'"'. O"' 
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Svvviil!! i',r«d«.-r:- will bv familiar vitn the concept ox' a binary operation 
I'rom their "ork in arithmetic, although perhajj:.; no; with tho language. Each 
of the I'ujijlanianLoi opc-ratior.;.- of aril hTuotl:'~-addit ion, subtra-Jticrs, muititdi- 
•avioM, ahd div*a;*on--Ls b Unary oi-< ration. For ••Kta'vn.lY, addition is « 
hinary oijoretiop. in that tai;; o'j-erat Ion a, rirysG exactly one munhor to any two 
,.;....„, ,„.-„K,., V f : ^!n- .-■-..V'-. 7 and B, wc hav; ? •'■ W • I'?- Gi.ra'iarJy, 
multiplication ia a Liaary oauration; riivea- the- n;isr;erG 7 and 6, we have 



a ti'ue. &u! ia addition «c do not add three 



idd the- third. v? 



; Tar lyiii '! laary \r urod to ^-luharir.r tat- i'act taat auaa 0!>ox-at.:onG arc- 

only doiii- with tru clainci'tr 
irwir.hs. .Pa at o;: -c ; :■:(.- add tvo of thus una ti.v r: to t-sat :rt" v. at 

I:- .-jitra.-iJosi a : inury o; ^trot : on? Althoia-a ;' - j. -, vr- ehould note 
taat tar ;taui-ai Vi-o uar hud no oxi^-rU-aav «ili. nvyatiV!. nu);i'.crr ia not atlo 
to ;'*.:a: a aunU r to ,-orrL.:) Oad to j - Y> However, ta'-r<- ir a -v.-rinrti- nussr 
taal -urs-'-.'f vi;:d.v to o - 7 .*jn i vc do, thf-rctor^ ronaider auLtra^t 'on to *hv 

aot ail i.nat:>u: ; uU r.aa;: •■! J I 1 tsyn-i. un this 

i.ro- 



Oi '.-,:"•,; I - j*J!J ! -*' aO( •'= ; : iiiil'V OiiC" uaic;r" 



■I • • 



; w, - iv • '- l ";iv "' • ' ' ; ■ " ■ 

Ai, hr-a-ciia. way to 'atruda-* yo-ty: t-, rr U; aai; -oa v; I tt ba> o; era- 
"in:, 1: •; u ;. - tV" i: ■•;;. "ii.'-ov-r i:,t r>< aa*.a a;' -'-r.a'a ai.tra'i os « rat ^oric . 
Cos.. :-i- )-, -or < .xa!;;; I' . a :i:*r. o: raiioa . y::.! oJ : ; ■ i iV * . Ji':.« :-.y::v <»1 
!r a ;•;.-:. u:" '.:.• v*.; -■:'•■-;. i oi. . v:.::', * ■ ••!!: .-O- '- o i>;-.-r&V- Oa . aud 

ia a --j-tai!! ..ay. :\>!'i..y;., ar< .a'v.rai l.i I.a:-trat;oaa 0:' ■(:•.•, af'-oitair 
C»f-ra;:oi:. :> v ii . ; .0:J --ua Ol;--ov»-;' !:.<• ::« anJii-- ^t " • 



Wl,.' . !. •• ' .J J H-ti-i 






' c-;-' ratUia ' L\ i. I .' yo 1 .- to a>a O'-f to 
.;.-., i'or any rr.ia.tvrL- a aati I : 

a * u (a **• i-) + 1 . 

,<- .v-aiiH rc-ault t-y ^-rinU;,; ti-=- ua<-raloa 



a -i d ! 



J.LUH 01* 



v i 






An I'iU-jv; ;. lh< •');,:.. rik>;n u .-i i. v I'ty i:; to have younrrxorc inv>n1. thdr own 
binary oi-^rai 'is, pre^ :;t ck aiiir.lt; l ! oj' Lt.-rursc:,, uud tallow other n^mbcrr. or ^hs 



1 ^ v i 1 \ 



It iil;ftO:"l iiLiOi-v-:! 1" i'or a -lor;- xn dlr^ovor t.M.- Jiu-anini- oi' fe Mnary o!-erat;on 






.o in-rf-u.-.' !:..•• Tir^t nsa-l-r iy y, ricrcyr.v tJ^- ecvonu 



nuini.or ^y 3, o>;d ■Lhnn rind thc-lr product; be cure tc KccM.^h-; -esiunr, oi 
•via> oi-i.-ri-lloii v.-L-u.i;, rui.iou. rU. ^lu.ic 'acr^Cvi :.<;io\> arc- r->:?\.«ro<l-.-r oi' t; : i.r 
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•ast. :«< r •-> re- , «'•';.• o; 
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( We now navof a mathematical system consisting of the set M and the binary, 

operation ~. Note that it really does not matter what -the operation ~ 
raeansj the operation in defined by 'the tehle and ve learn about it 'by oQiu- 
paring two table to discover the properties Hore it, is vorthvvhile to let 
students examine the table and attempt to discover sose properties on their 
ovn. Whet Van tncy discover? Wnsft can you discover? 



For one thine, air of V:ie entries i 






no now cv";:;qI sppc-ai*:;. 
In f v er:ci'al t 






inf- that the set M 






Wi;'.V V-'p 1 



operation 



u*.- \, 



los'ure property 



A soi- D ic said to- h-; 'loced* undo 2 
a !. in&ry operation * ii ior "ur.y 
ola:r>.e.nU 



and y of 



*' ,v* *; 



IK 



m\-...- ' the r.ot ci wholv nuifti'crr 1;: • to red under uiditlor: because the 

;.'SiV -•».'0 v:,G.ti' !Mi::i oro i:" & V."!.Oi<- hU"llX'i". fO ,VOU >'CO 'U.St t;.o :.''.■ t Oi "• 



Suiii 

■r.ole 



hicnLf-r:; ,L:\ not dored under suitra -t Ion? 



- . . :. i- v. 



•0V( ,- v '"ro;!! 



4 ! iU 5* , . I ^-.i* 



"s I \ i'' :*JVe-< it" 



O- til!.!'. ':i'.t!Vii. 






-u 'I, 



.follov.'Lru" ;-.\u'n:-l-. -:: 



CO ® -ci • *■ 



\ r~ 



-a * 



'. '■ ) l_J - 






Do yo-.; :: 



'■<:> lUa\ th- unsv-vrr ar-'- tn-:- rs^ix- in «<«■;: ;uir? In<h-d U....G 
i-air of t.-li:ifit-iiL:i-r«.-l^. , t;ed*-j-oa thic ta* lo, ar yo:< -an ve> 



will 






■ i ; 



t"V "Xiii;!! ua.t i Oil • *■;*• ray Li.yt tne oi. oration — > 

!>k-ai! U.aV !:-" ''■'■••.•id. i.r. us ;»i-<-!i-i> :i'.. (;;' l.:.< or.:-, r '.a «uijf. *.:.<■ <>\ ■•ruXiun i- 






fJJi 'ii:.i i-O- 



■. in .. --y^i: 



-v/ 



A:roi:C'rC!ti,on 



K'i inccs. on a cet •-' 



Ld'tO i^;^ ,cj::unut;it Lw ; . f for -iny 



eleiBcjits x aiyj y oi . l>; 



^ 



*j.'ii?'!"0 i>-f* vi«t v't-'.' s j' ''*<-„• "'O' '*!■ > ' "v-* v u •* « >• * • • •»*- ■ ^» . ■ », -* - 

atlvo If ose^:s.s a tas-i-v 5.5»ru ■!'.■■! ih'.-: ,-;;>;- Oii*-;t^iO; !J . ^., .j ,,•.., >^ „• -'•-.> 

'Slth raepoct to a diagonal lin^ drovm from th" upi-t-v i^rt to tue .lov.'.vr rs;:t 
jvv^rnsr, -ths^ we have o'oafiautativily , _ v 



fe 



•9'H' 



!X"\" 
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A □' © V 
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D 
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© VA-a* 

\ A rf ®, 

V 



nrua<?tri-.: to and 



:iot\.- u^u i i:v'!. v-J.v'Wonv. Q!i one :;ido Oi" 'Use -JO tied line in 

t 
i-i.Ji'.'.v.-M'OiKi--. V-> u 1 Lk<i- oJ.!.T.:i.-iil ci' tut- other r;lck- o:' !:=•;• line. heuul".:; that. 

» 

eos. ;'ro:;, ■ojat'biLii. - two elu^esn-r; i\: cLi' I's-rent ojm- r «iv&J' : o-'vur in ih< s :;t : 
■.•ox-i\:c\".K\ x\ :!■■-. i'or LilOnc in lw tu:; 1 . c. Hein 1 '..-, if 'roor-lorih.: l:V.' elements 
Oi-C-rutcJ osi do'.:r. not cksh'C' tho jj>::uii, ih-.Tic ^QiTt'C-pofixLLiij.* vntriea must 



ui .-ourr 



h; liOt. u!.,w.uyu i'c-au u-.!.e \\uv poi-.c-. i(.' 'to ••ourtrucL u Uihj.iv 



'•iiiit d\ ;.'L:<v';;. «fi Uj *■•>'. s'uiosi « For o>:ui:;j<i < ' , i !" Ok;r ovij,;'lnai ;;u\. oi" vl^is^ntu wers 
to <"f!!::'-i:''L Oi' ".■::•■ :i't «,= ;' !'>.•;• i. !;,<!;». t >:':,. , W;> iCuUb; !i.'iV« «!: '!.!Yi'iuJ l«u -Oi J.O % i=lo:i' 
tiiiat '0..!.i siOt s *.■ u '.'OS:U!K;-ii»t:.'.i i,;i ;j '..is; '..••. i.iv :\,i.-:; ;; ■&:;<• ":,;,!• diagonal line 

Lot':: -o:;. Idv r o:k. .:;. f .-'i\ | "O". • r ; . .\ ":.m ".;.!:" r<, •'.. lo:i, ; .:ur ti>>:<- • -woivlnr ,- 
Lnrt.v •. i.i.-:!.v:;L." - '"■!!;•'• •.■ ; i;;;„i.r\ om r::li.o; : reiut- . o.'>.lj l*j ;;i< ■!!!!.<. r:: ol" a VL-\. t 

to .:Oi;;L I:iC' L'ir:"u. Wlti-out ^ai'eatncouc, tuv ouwrat ion -mir^t --c emul^uous. 
;..,- -v ,,.|,. ., s ...: ..... i., .U i,,,. * ' ' ' " s 



IT on:'> tii.vj.uc: - . from le-Vl to ri^i.t t!K - rvcult J.u (l. : u) . 5 . utid ..:.,-- 1. 
On the other ha^d, 1 i.^ one alvldei; i- hy . I'lr;:!, the r^utt lr .^L - ; (<"* : ,-.') 
* 12" • ^ ~ *"" *i » 'Thus lh''" - pi""oi^isn? &£_* c?x , i. , "ilnG3.X v / t'tEitsd. is ssjuip,uoviS unless 
yal , 6nthej..er ^-nx- uaC'O or pernio a^rc^noni i.s, xaad^ t'ono^rrtln^; tho a order in vhicii 
the element n br& grouped ror i)^ 1 Llnery operations. On the" otl^r hand, a # 

t.:t&tt •-■Jv'.-t Tj_-:. i=. - i. * '. ■! .■ ;._• :so' iu?i> i,- - .;ov<^ . iii. - - (1» -t :'*)■* •■• l-i+:' .'O and 
i. aisc it - -! (C 4 9)- J. - ;.' - -+ S hO. ik.ro 1U >ro..:;;l:nr tec? Aol T t:'To:.-t t; - o 
rcsuj.t. 01' uourco, a<.ia.itlG!j still rytialna, a uijiaj'y operation;' only two-ole- '* 



-^'^..-j^ganRggjy-'y; * v , *»t^?ii: % 4»#, 



■T- 
s sii'e adci^4 at a- t.lsitj* 'Gii; isoint is that, in addition, tUo »ay ttis? elsassijis 



are rroisu<-a -io«?:. - . not sT: e % ti* roi. -, ilt, vfFn'as ta as..* . son 1 1 'lo< k ';:. 
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t^aggppxz&^af^^ •»r W ^p t j ^i^ i j^j S ^ 1 g aj^ S 3igy^ 



^B^i .n>w-i ii Kife ^.T^r 



"tSf ?-^sa». - **. 



• •-'^~-r=^intr:* 



" Mow let us evaluate an expression involving three elements of set M 
ke-£T)ing in mind that. bperat ions within .parentheses are to" he done first. 

(©~D)~A*\-A 



Here the same three elements -re grouped in a different way : 

r 

Hot6 that the resu.lt is the .tame* in. each case. That is, 

(0 -D) -A -0- O-A). 
\ „ . 

Will this h.> 'true for all arrangements of three elements from set, M 
Evaluate t! 



1. (a) (\ ~ ®* ~Q« •* 



(b) 



* fc. (a) (Q~\) -®- * " 



Vqu should find that, the answers for oa-.-h pair of e-x ample c. sro 
and this will : ...e true for any similar arrant-merit of * three element:; 
We say thfct the operation ~ is associative . In general: 

An operation ' defined on a not S 
is said to to ^sssclatiyo if for any 



''-^ '*** D^*;iO 



rom gc 



ana 



Oi 






iou should note that it is .not possible to toil whether.. an operation is 
"associative !■•;/ look. Lac at & tahie. Dor mav one as sum-? associativity on the 
bacis of ^veral, <v.u$np!sr. onlv. Actually every oGim-inatiosi of <hr-.<e elements 
would have to bo tried in ord--r lo j»rovu -ssocistiv I >.y . Ou t-,.- oi.nc-r hand, is 
; . just one example can he found wher- tuo property does not hold, then U.>' opera- 
l-' Won .is not associative. Likovisft, Li" the mathematical system is not closed, 

-^g»;7«; ythen' the associative property c-annpt hold* 


















# 






S^ V 









;'■■» ; — vVu?an ucc? Q~>-^Vr 



Q( 



,9 



*"*»s«3W»s«w?t 



iS ««*Hi 



-xlSaS 



;VV-f»ift!»»y ? *Wff* - '* W W 



Class "Exercises 



Use' the following information for Exertises 6-13: 



A - {a, b, e} 



^ 


a 


0. <:, 


a 


b 


e e 


b 


c 


p a 


^ 


a 





.1. = U, 3, 5,' 7) 



© 


l 


3 


1: 


7 


1 


3 


7 


1 


5 


3 


*j 


1 


1 




> 




l 




-7 
1 


i* 


( 


u 


3 


• 1 



Y. <Q('^ ? ' i 

y.,(Y©^0i - ? 
10. Ic t.hc cot A closed with roipeot to (x) ? 



11. 3:- ti.e cot 



]*r.~o vr! 






wu,ti; re.vi.-ot:-c lo 



©■ 



IC. Do-.-m 3©> - l'©i ? 1- the operation © a ..-OiiMutaviYe one? (Try 
V©i an f J.3©Y.) , ' ; 



o. 



Ij. vlf. 'the operation vx; a -cumatitative operation*' 



For *;i».;h of t;:c i'oilovij-j,-- do:-. -rU.-:.-d sots and operations determine wi-ether 
the G'.-t ic c"lo.*;cd . Firsd v\:i -U opt-ruiioai, arr .-.'OKanutotivt: and which are 

\L- ! u Sc-'l: nil i-ouutinti nur^-crr. between , ;> Sund Y^. 
Operut ion; Chooy.- the smaller number. 
Kx&KH.-io-: , vi comi-Ln^u with y .• nrodu'-e:,; .v. - . 



ij. Sot: All even numbers "between 39 a!lc i ( : ,i , 
Operation: Choose the first niuaber* 
Example: %' combined with «6 produces 5?,; 
* 46 combined .with 5£ 4>?o<Mxj&i* kit* 






,,v,;.i^jf 



aM^:^^"-. 






.* . ... ., , 






**»3 Mathematical Systems - Additional Properties 

I*t us rsturn to set ' M of the previous section and diet-over several 
additional properties of the mathematical system .developed T,)<ere. _ For con- 
venience, "here again is the table defining* the operation - ; 



s •• 





A 


□ 


© \ 


A 


A 


"D 


®x 


D 


□ 


© 


\ A 





© 


\ 


£_A 1 ) 


K 


V 


A 


D © 



Kow note -.-ho ToJlo-' 



D-A-D 
0~A © ' 

\,A \ 



A-n- n 

A~© © 

,v,\ \ 



t *• 



V. 



•o;«: inatlou of any t-Ja'tJU-uL 



'.< ; i v 



/\ j.rodn v: th 



i.>' - r?!f iii. fi\ ; ,i,uy:.; uif - i:a.'*s«.' role-.; 



Do you sov t,!:fet u 

uricinuJ :::e:il -..-r of M ? In 6r:.yr vorie,, T.he ^i> 

here a*; 0* [-lay:; in audition. *Rc -ali tlsat thv cum or an^nar.uor and. zero ic 

that iiUial'vr. Thug, for any. fi-.um-i-r^ n } 

* * * 

i: -u - + \\ n. 



'iiic- nujss-c-r 



play:; a' •:orrer;:0;nii:v rol-;- v-ith r^"!: - " 



to siiiltii-liratloa. 



i^y 






For any nunsfcor n ># : * 

. « .♦ 1 *= 1 • -n « n . i 

s^', •— IiiKevlse, the element Za plays the same role, wxtii tee. operation 

« a - Z\ * /\ ~ n .- n. 



g^^T^Il such elements Identity elements. An identity elopttt dtf$c not, change 



\ 



•ii*.^;..' 



the identity of any element with, -which it is combined through the operation. 




.rjg 



>$».- 

<••*§££. 



* *" "• — « 



iSH3Ba #.a:.' i :i: >"*uno 



s*^a~ »t I'n^y'-in'^v- ft- r^j'i-v use 1^18^ "'-i~iij. ^4 5e 



19 1 , 



i - . x r . -T-T B it-rrrT- j-iaM BTBjrm iaB 






N^^v^i^»^K^\?rr»^"^v"*i^'$ 









MBBBWi"*"'™" 






f. 



In ' general : 



An element I is said to be an identify element 
for the operation * , defined on a, set S, if 
-x * .1 = I * x = x for erch 'element x of S. 

Note tht.t is the identity element for addition, and that 1 is the- 
identity element for multiplication. Is there an identity element for sub- 
traction or for division? Explain your answer. . - ^ 

As another example consider the following tabic for an operation which ve 
might call if, Fii-st .ieonf irm that the operation if is a commutative one. 



V 






A 


B 


C 


D 


£> 


C 


r» 


A 


u 


D 


A 


E 


D 


A 


XJ 


G 


A 


B 




D 



Is vhore an identity element for if ? Could it be A ? If r.o, then how 
must the element A behave vita respect to the, operation if ? Is B if A 
~ A if h ■ '£ ? We see, from the Wole, that t.;«„- answer to the question is 
"no" and thus, A ■ oa'nnot b*- an liientity elsmeat. Neither can B be an 
idcntLty clement since A it B in not A. however, I) ic an- Identity for if, 



■ A if D - D •* A - A, '• 

IS if « D if B .. B, 

C • D *. D * C"'~ O, », 

* D- * D D. 

In the table compare t;;% volunin under D with the co».u;nn under the if . Corn- 
pare tue row. to tne ri^nt- of 2) 'with the row to * he richt of the if What 
do -you notice! Does this suggest a way to look for an i dent it v element when - 

• ■ you- are given a . table fo.r t.h« operation?,, • 

Whenever we have an. identity element -for an operation, it may be that we 

also have what are called inverse elements . When the operation is multiplier- 

tiori for real nu;nleri:, the identity eletaent it 1.* If Che- product of two* 

snd "b,t» i- the multiplicative- identity, 1, then we call each' 



• ~d 



|^ _ numbers, , 

|t, , . pf the numbers the multiplicative inverse of the- ¥ other . Thus, the multipllca- • ,;J§ 
» » i . i -•■'« 

^i.,.,,^^ .J.!^ , inverse of '3 is 3- siftce 3 x- - 1» rou «&y recognise the ia:altiplim-._,_ : 3 



TS- JLfcd.JC 



-rfrftfcWTfll 



* ■ ,;^i j;v,i.ai± 



■^mw"'^Mi.«'«<ntra.\<iv.'t * 




£'6 9 



a + 







»' 
.* 



■••: --4 

i 

I 

i 

I 



y. 



. . Suppose the o$>erati6n is addition . jfcre is the'idetit'itjr el'einent and ^ 

* we call two Ambers addiSiva inverses il^/ihei^sum is Oj that. Is, -combining 
-the two miiuborc by addition cives 0. Fp example, th« additive -inverse of j*_ • 
is "j sinoe i + ("o)'^. We &ay tfi« addiUve^nverco of- a number, 1 c .fts 

opposite. ** . * * / 

Let* us return to the 'net M des^ibed earlier in this, section/* feuall • 
' - ' ' > * 'v 

that vs found that the set contained /an identity element, namely f_A • fcov let 

us see 11 each element rfec an inversfe -vita respect to +^e operation - ." For _ 

' example,. to detune ti^ iuvorse qi:J3 we hxzt rind some element to -ombine 

wi;th ,Q*.that vlll produce the ide/yiit\t • A • We find this to be \ cirfce 

D~\-'-'A. ' Similarly, the inv^pe of \ lo JD r-incc \ ~iJ • A- Ti^ , • 

invorce, of A i o A, ahd t!,:e inverse Of0is0: 

A • ' • / 

•' A~A*~A * ' ' * ' 

' V0~0- A ' 



n > - er.cral; 



"i vq cic:.K-:-t." 



:,vd 



i}t;,i-r :.:;Ci"r l. ! ma.";,' >js>-. 



( 



.. t.\> . V >' : 



f " 



^ . i * . t 



!'i «:J SI -•! < !>.!lt .' .'iHVV 



T .'' 



* • 

,* _ ■&.. ..,5;> ., s i .- or 1 l( <:i ; i i'y «:: i '.nv-r: ■ • !•. 

u.«v«loi.iV i.t oUr.ut:^:a^'. v. ' I/'l'^ :*•(:■;• *o "> 

i.jici. 3* U;:(..- in i'l'-juujitari.' ::.atr;«j::iO'v.i. t;. iiUu.t.o; 
# • in slater ohaj-tors. ' 

L .. , . *- <£\ ifi .fdarjiit^ clement for lauitinlic^tion, 1, la-uwefnl sn 
Ss^^""*"' pj4r.cihlo irWGlYCJCi .In simplify in:, fr^-lluu^.. r'O; 



l.;>;i1.M<-;r fc' 



_■•' ;.i -w _i,:,l. 



til " 1 ]..<:. '.ration?; will l>. river 



i^Lnlnr the 






*saF^ 



12 H i 



x. 



5»- 



1*41*3^*^'" - 



/..->:. 







tr 






*\t vi * i-it i yn>w>. J -j ^i ! pfc f .\ja«i 



... , ■ 



a^^^aw w ^ww? ! yy 



-*.?.jN 



f A similar procedure is used in simplifying algebraic fractions; 



by factoring 



2x - 




2(x 


-2) 


3x - 


6 


' -3(x 


-?} 






o 


x-2 


• 




3 


1 , 



X 



_' We make use of both of the concepts developed in this section in solving 
simple equations'. Below is a detailec exploration of the solution for the 
'equation £>: + 3 - 7» (Of course, we normally do not go through each of these* 
.steps in this formal a manner.). Note the use of identity eliments and inverses 
of element.'; in l^iis development. 

• ,V -*. T j -v • . 

(?:< + 3) + ("3) - 7 + (~3) s (The additive inverse of s is ~ <\ 
?a + U + 3) ~ J + ( 3) ( 3v the' associative property ro t r addition) 

- iJx + ~ % ■ • (Here is the additive identity) 



-i(Mx) - i(M 



('f!ie multiplicative inverse of 



In 

is -rj t- 



<*..;>■ 



Tt,( ! U (By the «acsocfcaiive property for multiplication) 
:. (Here 1 U: the? muiiipli -ative identity) . * 



'J'huar * 



Class Exerciser; 

"Un<r the 'accompanying table to 

answer too following questions 

relative tq set- K ~ {a,b,e. ? €,e) 

» • 
and operation * -&iv<gn in the table. 



J 



* 


"a 


i.< 




ci 


»_• 


-a 


* d 


* e/ 


a 


j> 




b 


e 


« a 


b 


/» 


d 


c 


'> 


b 


c 


d 


e 


<J/ 


b 


c 


d 


C* 


8 


e 


i o 


d * 


v. 


a 


1- 



?=< • lb. n * v -- t 

§^. lo . e * ( d . * e ) — V 

fer* ■. 19* I*> th&" e^t K closed vith respect to the operation » *, ? 



hJHlBW'W"-"* 






.,— j... 



i 



It 



"■■^ft 



^ 






21. , Does the set K contain an identity element. ,vi*r respect to * ? 
If so., vhat is it? ^-~^ 

22% Maine the inverse of eaeji-OT the elements of -set K. 

■--*■" . * * 



v-""" k.-'i CIqck Arit!-ar.otic 



The numerous properties, that ve have explored thus far are all important 

'ones with which, seventh graders j»ust become /amiliar. Of course, they should 

become acquainted with the concepte^'if no/ the actual language, long before 

they' ever ent^r the seventh grade. 

It is frequent]*- difficult to convince junior high school youngsters of . 

the impart* nee of these concepts if they are explained only in terms pf 

ordinary arithmetic. They see little to get ejceited' about in the fact that 

■•> ... 7 - -•■ + ■> o^ t>«at *"= + - u >. It 1c for this reason that it is often 

advisable to present these ideas in unique settings where possible". Of course, 

*lhis depends upon" , t he' V.a., ,,f . ground end ability of the croup in question. 

One interesting mathematical system that junior hi^h school youngsters ' 

enjoy'* exploring is clock antiemetic. On our twelve-hour clock it is perfectly 

reasonable to say that 8 + 7 ■*- j. (That is, seven . jura after o o'clock 

it vvill be s o* clock.) Nov ve can set, up nn entire mathematical sVotsa based 

on addition on the tvelve-hour •■io<-R. Youngsters can be encouragea to com- 

" * * * ■' 

plete an addition table for tnis system and to explore its properties. 

Similar activities can be developed abound x'he twenty -four hour v clock 

used in the p.frry where ; - + 11 - <vO and ,"3 + 5 - ■■'«. 

S . 



Glase Exercises 

— w — * 



"to-r ■ ■ ,~ Consider 



^. ■ 



tThe •elements involved in a twel/e-hour cl«ck together with the ^ • ^ ; 

F 

• -si 

IE"" 1 23. 9 + 10 » ? ( ' , „ . ^ "tg 

- ?iu 11 + il = ? . \ .. * * ~~« 

5 *f*^"r , " 1 D0es this system have ah identity element? *~If so, w.*at 'is it? •...-•s=ss 

► » — 

• 26. What is the inverse 01 *j with respect to addition?- Explain your answer. , ^ 

v ■"'»--" -■■> 

^ijBiiff*J i *ag5 fc # - Ma -^-* J -T •--;»■ * • • « • - - nr T* .. 









-p"'„'"' ' ♦ , ' •*: 






105. 



\ 



Let us finally turn our attention to arithmetic on a clock Vi'th fewer 

i •' » 

positions. Consider one with a Get of five sy^odr; [0,1,^,3,^). 




"■"^r y-^-.-' 



We may rintraduq*? a pi nary operation on u.eae symbols Vy considering 
clockwise rotations. xhis definition will ue in uerws of addlnc or combining, 
- one clockwise rotation vj'U; another clockwise rotation. For tciis reason ve 
call the b]'»>r^tion addition and use t;.e .'.yrcloi •' . s 

Wu shaH consider tin- start ) n K - noiiVt to be ui'- position labeled O. 
« (This is standard i .cacti .-o, .although ve could have used *j oY any other 

symbol as '..-«} 1 1.) ror example, ,< ■*■ •'• . sieans "that we start at and move 
"to position j,,. Pros tnis porltios we <r.t>ve !.- jnore steps t.w arrive at 
position ,". ThvSi;, ^ i •■ produces _;:» Wo mipisi sijr.piy write this as 
5 ■♦■ •« , . 3 soever, t«<p.s type of ari/cianotic is as: example of modular alitsh- 
snetie vner" Siien un add it. ion is uruaily writes 

;,•»'.» ;:(2:iOd 'j) ^ 
unit ir read: " .. 

"Three plur. foer ir e-;su i "talent to two, "ioduio ;;. " 

'i'h" w i*d "mod" :;t5fndr for modular: or modulo. . . . 

It U" customary in the ti'vory of nickers to .trout two mum -ere no equiva- 
> » * j 

lout iji a riv'^n modulus if they mve the same remainders Vrhen divided by the 

modulus. i'or example, 

'of , ; ' when- divided 'by 

clot;-' arithmetic, we restr.Lc> jur;'ielves only to the elements, in tile finite 

set (.0,1,^,3, ')). .Examples and discussions of this application may be found . 

• * 

in mary Junior high books* This approach through clock arithmetic is u * 

""&ii8pl6 way to -£tart' miol* ^Jlscusslona, hyi& p OX" C*ours$j provides opportunities 
to examine again some of the basic propartiee we are 'developing. . ' 

#In tlJla %xajnple the laeduius is ^ which means that Vrsere are five 

positions on tise 'fae<.- of vne "Ipcx, Tho symbol a indi-atus that -; -•• - ! { and 
. £ are equivalent oh the clock. Verify that each of. the /following is correct: 

* ' >■• + 3 s. (*bd 5) 

% ^ k~ + ** « 3 tm^} , 

p 3 -♦ 3 ' * 1 (mod §) 



. (mod \>) fiiio;- bott: { and , five a- remainder 

• N j 

Ii0w.-v<:r2~, it: the ai-pli'-ation of this idea to o;».r 



J> 



"Jpgo^pg^ 4 .. ., .-•_..._ . 



...1 



•- S 






~^*lES^tt 



A second OjCi'tJtion may uUo "be introduced on the cyir.txdn 0, 1, :;•> j» fi • 
' rfinus thl:; 0:'ui"atio:i L:: related in a ftusllilir *uy to Vne operation ti.at ve 
.invo coli.'d addition, this new binary operation lr »'!i)icd i:Ril.ti;;iI<cation a/sd 
tm' r;aJnili.iU' X r.y:p.t>ol La aceu. 

By i::u:i\;.j.'Iicu\ion'on ti.i:: -lo-K vo r.hull m^n r<\J '^V-d io-v.w;^ rotaV-ionii. 
thus, , x •'> incuts ; \ + •• Mnd •'■ x „t iscanr. ^ + j + j '• o« VuriT;. I s,-.-ilVi ■••»•>!-. 

or the rcilovin L - U- *orrc"t: -* ,-* 

* ~* 

. x >• „, (:v.od "j'i . ^ 

t»~ * , -. x. y «* « \iUod ~j) 

> » 

Hi :•• ::!••• i:.e 'O^il'i^d Lazier j'or uddltion asui :;:u.i.t ,: \ ! * ^v..'0! i -ln t..lc 
uvc.tv:^. ;.>%•>".;.). t 'Vi}>ii'V ri.Oi.ld su c>:scourut;t-d lo -urn? U-t.o end a;u---lut .not 



r 



tttt--;;e Liii. i, . r.'i.ui.cr ti<V: i-re^cir. \\ 



ovx\ 1ei"d 'orm u: L;> com.- :.frs 



V .1 



c ] 



n 



J!;, 'J. 



a;. o:,.:i. ti. u.L ::"••-•:; Kt< • *:«-:. O:' -,:.-.< :v;-; '■:::; 
;. O!;'. ,;.:Ud^l lD::ai i rOj ' .""'. V 
•!. .. 'i : ?!. ■*■ ■>.... :- i yj>. • ••■ 



d.ud.» ;. wo •..>! >-j'ti". 1^: 



(;<) 



X l'i l 
'»' ! 



«i. -o -v 



X ••) «.{jj 



X 



b. * Kv:mt;;::,!«er, wc. Qreru'Lv \cil,;.ii; tne j urem^cce;. rir;'*"?' ^oU t.-.at •/<. olt^.r» 

? X,\~>c- c-aino 3'enult either vay. I.v ihis'a vtittef'n or sn s->e!dom,'f U'j vm ulwuyu 

Bl^'' - gsst the sa»b a^s^er^ we' a*M i^fWe W" multiply as -b do 'wben ve mii^iply 



gtf* 

first ar.d then add? 



Try each c£ the following 'pairs of problems: ', 

» > 

, Cu.) ^ X (^ i ■•} #• - . fc»d I' 



(\A 






U » ::) 



(••• x <) * V- ^ 



.4|S8SS^-'^' .' 




A 









jrpr^r 



■«i / 



WriH >jj[ ^ rft^ v w'ji ^g^^ ^ ^ j f t > * > & iMn M ■* ; ;.»fe**^ii 






\ 



& 



Thd a:i..¥(:,rc aro t»ho r.nnm for eacli pair u:;d will be Vefr all possible 

niJnU-ur -*orm irmtlosi;) oi' t^ro*'- olt.«o:r.;;' . Wo nay thai; safliii plication dlctritutes 

over iitidi t lou . fin ^!>oi*t» r:tf 2uXl, "thii: thr di i;tritu K f'v<. - i.ro; vjit v li i.rss rf* v 

il>u1 relate;; * :>-.' tvo oi»;rt\t iohr of addition und'-fSksltiid.; .cut ion. 
. > ' . x' • 

* • • \ 

ni»«irationr. * find ,?' defined * 

' • cu-i M. li';;tv or-craiJrors ^ diutr^- 
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j.ist vi.*- di.rikiii.Oii i . -. - i *■: - in qu i ia- (*<.■!(• rsj 1 und I: - not I IsnfiA-d lq 



:.et o:' n.i:;i:er;: and tliC ore rs*\ i*>ri.'.f of addition and inultU'li :&tio!.. 1?. in true 
Uhtjl- :iiO:'".. !>.!' ".)('> as-;.; .; cat unsr lo 's » n^ounU rvO. !v r tvKU'i. ',:;*; nvo! ve isx.'Si-v.J't; . 

ilOsi'i-vt.')' ti.O UOi'iMit c u:i i. :.' ;ViO.TO .''i'sil'l'Iil.. I:; ,f ii .'t "■..'.'ii.';! VjOSY.ASij* V,'i'!.>i I.' 1 -'!..'." t'H 

u:>v "''^un;.: 01' ihtvrr* *tlu:; ;s)id» vi;;iu; ; ;j,-<- <-«■;, u i :;i rj i u;. • V- ov v r iho GUa-r. 
iO'i ''aii v<iTi'y '.y :a'-u;;:-. o:\Vr-sm d i^i*ivjiii>-* t.Mit i nlvrrv 't i^u d: .arU ut< r ov<\r 
.j)i!o!. iiiid o 1 . .-o ;.:.;it. .vsioh >!i , U 1; j 1 ;.:■.••>: ov> r In'. >-:•:■ s.iwii. T:.l. L:; 0... i.t.o dff- 
!V:''.';,l fron: '.:.• -.-^-v with :.'.C:J < r: v:,- r-.\ :::aJ L i t .11 -til l<ih 1;: •! 1. iri! '!". JVc, vil!. 
!>•;;:.•'••''. 10 -j.Jd i * loii I u', tidditios: ; r ;kH, d 1 ."'• r! : .jl 1 v- v;U. rT;fi "o ;:;:ut : - 
id.i.-atk)u. * , 

"'2.'.. d i , t ri !-u( i v-- • J'Os ' rl.v '. ! i vry itsj on -iYit on ? - :".'!>■ , ;;;;-or !.ir,:. : '!:QOl 
youS«:tt"ri;'*ti,» niid»«rrttsyd. it roi^fii t) : v bti::j>- for tu< -cork Ihut ^;«<.-y aO lutcr 
i >i*. •»],*• -i : % .-i *:: \<r\.\. i:>,\ I V. i : ! y i S4 f _» ;;i^i Va 'l.ori };,- . :•'<.)*• - •>:;j/;lj i ■..• , t.'.i- d: t'l!"! i. Jt I Vc 
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. #^TJici dictriuutive i^-osi^rt^ also Towns the tacis Tor <;xplainij»^ many os." v!«j 
usual ai"it}in5i>il'- i*l-;orl^.lani;. 'For oxaiapio, ^onoi4er 'the- itroc3iict •;? x h';: 
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(■? x 30) 



Oi' covuse, ve abbreviate the wor/., but it is nevertheless based upon this most 
import a si'i, v..roj?eri.y . 

Although tkic .h,sjtcr hau included several exarc^leG that indicate ths * 
Importance or l»he various .irotsertioii developed,. :nor>t vousy.sters will have to 
accent this importance on i'aith at first. Later on thece properties aro used 
more- Oi-rtPT!-:: vr-i^ to -pr^tiiV what otherwise would appear as mechanical oner'a- 

tiO!lC • 

An i:ii.vr;-f.-';..:>v Itvia that-e^n he described to iivvcrit:. ; -;redera ic a hv-uo- 
theU..-al 'a::.i-liuc sachinu that ha:; took ;'or or.'Jy one rieclsnel place. jThus, 
the :-:-.ac;.ii. . •.,-cLld :o:cnutc .ip>; .7 a:; .he and round th:.u of: N to .C; »rA 

• it would ^os; utv .v x .'< or o . rnlo is in: exa&j-ie o:'. a non-ancociativo 
os i.: ;•;> c i o*' . ''"'or L-j'"a;ii5 1% , cm '.<one the -tacrine hat' to 'Oftii •'..!".' . * ">' • ;' X •'•. ' 

^ ( J', x . j") x .-... ... .!. x .;.. •• .•• ; 

W'ii'.'^eti: 1 ., •"' '■' {•(>"■ •'■J «'"■ ■< •'= •_}• 

Tai:: .-.el; e, ctad-cntr ;:«.••.- ;.\at not ail o; eretio:i&» pi cv tac various pro; ortj.< 

• liulcd h.> t :..:.• -;.ai t<-r. 
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5 i; £<j» Find the identity elements for ' and, o. 
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h ."> Coiu'lucion 
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'.nuv is?.* *or or '-• 



:-roi-erticv dvvclorou 1" of i:nj'Ortsniee uild villybe further explored in the 
forthocfi:;.-.'-^ e:.ia'iorr or tLlr; ten. junior hirjh school younc"-t^rr. need to p<?c 
these Hro».erti^ as thov relate to familiar . cetc of numbers so veil as to 
abstract ^11.^.' In ^c^oral, tl.oy enjoy and have many "fernortuniticr for 
creativity er-ii..-y <■:•:< love tlr-r.^ i^br.tvaot r.yrac-ins.-- ' 

apiary . ' * 
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rule v:;crot V to fa - :;.' >t;lr of cleine? .. of a - rot 
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^ s '. • - c; * 



'0'3:i.U I'j'^iVt 



*■ u» 'U.n. ; : 



If } '"(■ r (.-wry v.o .,-leme:Vtc ? 



-;-ndr::t of ■.:.'.• orcK-r 
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?» -'.r-'af Vv If, fO:' i; J i.V \.:>^'''^. , '.'l i. •!•:•..■ !:t.'_, {,:.:• p<::yji t 
!:f. ;.. I;,'. ••jJ:.: 'hiill'oU Oi' f '• - ' '-'". !".''. ^::'i ,'• 'Ciiri ,.'it!. 
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T"0 ■ I -•:;!• t'.t:* far-;- Inv'.-rr'-r- of ---Li -:, ot:;(-r und'-'r e b < : 3 ? ^ r y 0|-m:t sou IF 
^ccult' of thit" Ot^oVst.i'Gn or. the t-^o < i , lk ;! ?ffi r! '*P'Li; lo 'tii«? Ids-ntl t-y ssl-{?!t;fiTit Tot 
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A binf.rv or.i.'i"«i\.ii«! - * , ' iliGtrili^tf s v OVer the binary operation "b r-rovlded 
''a * (r- j^ !»)'-r (jjt s !'| t» (fe * 5) ■<" v 
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Chanter Exer'jisoD 

1. , Comnl^ Uii Addition and a multiplication tab is ror a 'ivM h srU'utictiv 

ubLu,: the c*i, oi- oleuisntr M ^ {0,1, J,')- (GoMj-a-p t i5 ? entries oi' 
? ' * your table wit!. t:ioc» |:i the -.,ul.-le<.- C^en A>r OUss 3ixereir.ee ~f"'").- x 

iJUV. »". - \.'> il . X, >-.'■ i. , v»i.~. »-•-_.•• , - J 

U^o tl.c- tabic-" fro::; E>;cr^ino I 1X3 coin;>l<. , 'L*; ea>'h or" the follovviiVT / 
• id) )Xy •/ 
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.= 1 ryctc::: or ::;ul\ir-tica- 



.•ior.cd Uiidci' - t:.-; Qt-erui-ioiii 



LiO:.i ',.::.'j!i ■■ I • 

/ , i r . - ; f . *-*-." • s '^ * • ^ 

('■/)< I)o you ^:.i:-k b>:;,a the oiwuUoi! is u^ojiutLvoY 

(o) M<a ■:. olomc-ntt: have ihv..-r:u- •■, as.d v:.i»t arc t;.c ;.airc or invc-rr-. 
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I,- vi.i.isor Oj'Or^ULOjj -o;:-::!.,:' 

L X dirurit utivc ov.-:' 

•.'or all rSvlu j-_-KiL nxi; or £ oj 
+ dirtributivo over x V 
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For oarh of tho following described cots and cmoration^ determine whether 
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sl.-jr:'; iVm t!ian ^>0. 

Operation; Multiply tnc un- by ^- uisd »;:«; «>J.a « : - .•. i ^J ! ,u. 

Example: 3 combined with p produc&u 11 air-ce l ♦ -: + j ■ 
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Set: All count ir.~ numbers. 

Operation: Raise the first number to a Dover whose exponent is the 

second number. > » 

Example: j? combined with 3 produces 5"'. 

» ..... % 

Consider a system formed as follows. Place an index \:ard, marked as in 
the diagram, In ''standard position": 




UCL U J 



I to aean leave the card in Blace. V means to flip the 



earn over us as,'.' -a vertical >ixis: 
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H means to iiit« eke eard over uninr a horizontal axis. 
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; seana to .rotate 
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Our cot c> of,-:Kivts in {I,V,H,R}. The operation will ho "AKffi" which 
-irtoan;: lo do one thin,' "and fiv.-n" do another, 'f :.«:-., "H AI-JTJi V" moan:; to flip. 
the ;'ard o\;.or usihjj a horizontal a^ic, and 1 1 ; e o--f£Tp t ! • e _ r;sTd~crver-et:-a-i n- u s i ng 

* " * 

a vertical axis. Try it vith an actual card. You should find that" . H AHTHV=R. 

- (a) Complete the following tableror .i-he operation ANTH. Some entries 
are already given for you ... ' • 



AMTH 
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.Examine *he table lor the operation ANTH. 

(b)» Is the set closed under the operation? s - 

(c), Is the operation commutative? 

(1) Do ypu think the operation is associative? Use the operation table 
to check several examples.. • v *. 

(e)- Is there an identity element for the operation ANTH"? 

(f ) Doec each clement of the set, nave an inverse under the operation 
ANTH ? . "* .. _ 



8. 



Let sets A, B, and- C be defined as follows: *""* 

A - ir,;- f 3,i.,3); *"' b! bAS,?^); c - "fl,j,>,8,y}.. 

^(a)'» Ol^qv: that 'the operation \J (unionT distributes over the qperatior 
f) (intersection). That is, aU(bOc) - (A U B) '(A^ C) , 

\h(BUo) . (aOb)U (a Pic). 
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Ansvers t'o Exercises 

One less than the suw of the tvo numbers, a o b m - (a + b) - 1. 
Note: This an also be vritten as (a - 1) + b or a + (b - l). 



The average oi'.tne two nuns 



,. , i a + r» 3 



c« 



0* 



:?. 



The large? of the two numbers if the numbers are different; that nuraber 
if they are the same. s * 

• ' 4 ' ■- 

The suss of' twice the first najfsber and the second number, a ~ b = £a + b. 

Twelye minus the sain of _ the tvo numbers . aL_J.b ^12 - (a + b). 

a 7 '»" J • Co , y . j 



10. Yes • 11. Yes 



V5 • 



3>. 



13. -'xoa. Itoj 7©3 =*S 'yhereas . 3 ©7 - 3» You need find only one counter-" 

p »' 

e;-:aiupie to show thai epmniucativiiv does not. hold, 

I-to; e £x "h = c 'whereas b a c -£ a. •. ' 

Closed, commutative, *jnd associative, lit is understood here that 
"choose^the smaller number" meanr;-to sele.rt that nlunber if both are the 
sa:w=. That, is, 3^ conjoined vith 32 producer 3\-) ' * 

Closed and aaso,-iative; not CQinirtutstive. --•■ 

la. ..• ' i^: ion 
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The inverse of 5 
Cor addition. 



since* 5 + 1 - 1$, ti*<3 i density element 



4 



lio. For exa:;iul.e, h ■• (C o Dj - i 

(h ' C) o (\E » !)) = D A - A. 

* « 

Yes. For exoraiile, 3 o (CM D) - E o A ~. A, and (B x> C)* (B o D) - 

C. *..D -•* A. „ „ ' ' 

Th* identity element lor * is' A. , "* 

The identity element for o is B. . ■» ' . 
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? " ' Chapter 5 

' " INTRODUCING. NEW' NUMBERS"' ' 

«- • *" * 

Intro duction * l 

. In this chapter we shall examine, in detail some of the different number 
' ..systems that are encountered in' -the seventh grade. In some respects the 

* - treatment will be that as giv-.-n in a seventh grade course and„ in Other respects 

the treatment nill be a bit more advanced. Thought-seventh grade mathematics 
does not normally include a stidy of negative numbers we shall introduce them 

* in this chapter. There are thrfce reasons for .doing so. (a) The introduction 
-of viegative numbers is in many-respects similar to the introduction of ^rational 

numbers and thus strengthens- our understanding of this process, (b) Negative 
numbers arc- commonly introduced in the eighth grade and junior high school 

• . teachers either teach eighth grade or wish to be knowledgeable ( i** the subject 

matter their students will learn in the following years, (c) Scare youngsters 
will have met the negative numbers in earlier grades, and we may expect to 
have more such youngsters in the future. 

The development of the real" number systc-ja V.qV we are about to -race in 
". this/and'the next four chapters is a remarkable achievement of, the human mind. 
These chapters will present the result of over four thousand years, of human 
thought. In our modern ac,e tjhere are many ways in which this development may 

• ' be carried out. „ vfe shall begin with the counting numbers. ' - - 



5.1 The Counting Numbers and the Whole Numbers 

- ' > ' Although the counting numbers are exceedingly abstract, they do not 

frirhton as", for we are very familiar with t£em. At' this particular time let 
'**«• us acaept- the counting numbers and some of their properties and build on them. 
g'"-The -fcroperties ;of the" counting numbers we wish to build^-on in the beginning 



^^^^S^rt'ies of binary operation© * Th& binarv operations, addition and, ^ 
(SJuItiplfeatlon, of the counting numbers were introduced' by man to enable. Mm 
"^Ste6:^ttke "greater use of the counting numbers., These binary operations turn out 
I" to have some very useful properties. Both addition and multiplication are 



fEI binary operations which are closed, commutative, and associative. That there' 
fc -axe two b'Sr^ry operations which- have these three p^opert^es is itself useful 



., L **-w^ J : 




asHissaQ^-a-s^ygjiHasggTaa!^ < --^ •i^«^^--adH \^;xc^:'^'s.'.K -^s?«-s-^vs 
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What do we mean when ve say a property holds? For example, let us look 
at multiplication. What do we mean when ve say multiplication is commutative? 
Certainly no one has verified., all the possible ^.products; it isjnost unlikely 
that the product 



,w 



98768551^325573 x 397869697357^63957362 
has ever been computed and equally as unlikely tha,t the product 

097369697857^63957362 x 987685948329573 

has been computed. Kevertheless, we assert with complete confidence tha"r the • 
products, are the rame. We fearlessly make this assertion because we* may derive 
it from our 'definition of multiplication. In the abstract systems' of Chapter V 
wo decided that an ^operation is commutative by examining a table. The table 
series as the definition of the -operation ; it tells you how to operate on cvo 
of the elements of the system to produce a resulting elemem. From the* table, 
which is the definition .-of the operation, we derive the properties of the^___~~— 
operation. Thus, in Chapter J * a system war:- shown to be commutative , by examin- 
ins a table. 

for ti:e counting number:; there, are-to'o many Elements to exhibit a multi- 
plication table. To investigate the properties "of inultiplication we must £0 
back to a definition. Multiplication of count in?.? numbers is best defined in 
terms of sets, though sometimes it is done as repeated addition. To show that 
multiplication of counting numbers i;j commutative/wo tjo back, to the definition 
and derive, logically, that the- property holds. Sut-h a development of the. 
counting nuF.hurs may be found in many sources. 

Tne counting Aimber 1 nas a property shared oy no other counting, number. 



-* With respect to multiplication we have 

1 ♦ a - s 



1 - a 






where a represents any counting number. In Chapter <■; we learned to call an 
element with this property an identity element. Since" 1 is an identity 
element wit,h respect to multiplication, It is called a multiplicative iden tity^ 



Class Exercises 
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'" Tf' $e know that- 2 is ''another name for 1 + 1. Use this'' .fact and a* property*""*^ 
of the operations on the counting numbers to snow that -I 
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,The, distributive law -tells us 3(5 + 6) = 3«5 + 3»6. Why* Is It 'true 
that 3(5 + 6.+ <) -3'5+3'6+3.8? 

What properties of the counting numbers are used to show tMt 5 • (6 * 9) 

=.9- (o • 5) ? 

Using the properties of the counting numbers, show that 
(3 + *0 + (5 +' 6) - ((6. + k) + 5) + 3. 

f 

Among the counting numbers 'an, additive identity would be a counting 
number .x with the property that 

•*• * » • % - >* 

x + a = a + :< = a 

for any counting number a.. Do the count inf. numbers have an additive 
identity? ' , 



• The properties we have referred to above are piwei^ies of two very 

* * 

special binary operations, addition and multiplication. The counting numbers 
have other properties that are equally interesting and at least as uacio. 
Among Jt!:o so is the pro;- rty of order. Given two counting numbers, we say 
that they fire equal -or that one is greater theft ano^ser (or smaller). We may- 
use the number line to represent the order that exists araonc the counting 
numbers. . 



-*- 



Of course, the idea of order for counting numbers caist:: independently . 
of their number line representation. For exasrple, if set A 'is a proper sub- 
set of the finite set- B (ACB where A / B), then the number of elements 

in set A is less than the number of elements in set B. """^v. 

v 
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children learn this relatlonsnlp long before they ±-earn to use sither 
f £fj|lUSIte . .$&*• SW&ey line. A 5hild ^nows.. that five .pieces of candy are. 

^«^..2>, + .3*". . ".....• . ' . , . V .,.'".■ 











When we adjoin to -the set of counting numbers the number 0, we call' the 
eolleotign thus obtained the t.et of whole numbers. Tne .vhoie nuinnero s^are 
with the counting numbers many arithmetical properties. For the wnolo nuiuber? 
there arc, -two binary operations; audition and auiti?\i ration, that ore Closed, 
commutative and associative. The distributive- law iioldi;» "connecting Ifche two 
opcratiohs. The •' d junction of the number provides an additfive ' identity 
to the Set. Thuc, with respect to addition we nave m 

/ + a - a -» - a ' •, • 

where a represents any counting musbor. 



/ 
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Positive Rational flurabers 



V/iiile the co^itinti numbers have many desirable features, they also suffer 
from numerous serious deficiencies. T^ore arc- nany elementary Questions that 
w>- would I'U'.e to -snsve'r/ questions "hat may be ssked ' with jguhi-iug. numbers, 
* — "but* that -.-annot be answered with »:ountin<; numbers. Two uoyc visa to .^hare 
equally five pieces of -:andy; how .-aany ; io-es should each boy receive-? 
Ganoiine is yO cents s gallon; how iauun r.asoline :^y be purchased l-ob $; .00 ? , 
/..syjij is able to walk ten 'lies in forur hours; how i't»r --&n he walk in one hour? 
Thos-.; questions and many others ere reasona; lc osk.-s t.'^t we wish to answer, 
however,, wo have learned to co outside the kysvsc oh counting nusaburs xo find 
the answers."^ Most or ui have learned to. do ^:is in a ihe 'emeal fashion. We 
learn about two euusl ;. arts of a cake, two eeua) partu of un apple, and no 
on."' eventually coininc'to the. concept of the number we name 1 ,£ . ; i'he same 
process leads uc to -oneepts for ^f and -^ and other unit fractions. 

in this •-■i.upt^r wvi wiai« # to *;ive a systematic introduction to rational, 
numbers. To this end w.> abstract from tin problems wide;., lend to rational 
numbers tboir common feature. Though rational nasi cro seen to nave evolved 
in many "diverse-ways,, there is' a cordon feature. Indeed all positive .rational 
'••••' wafers are solutions of equations' stated in texns of counting numbers, - fbe -~| 
equations "" % 4; 

30x - ."CO . "* 



«3' 



i.,^.--.,^^, ., 



are stated with counting numpers* However, the solutions "to the* equation!' ^ 

^S^^^^F^ltv4 v n above are' ®t- eoutatiiig numbers* --The soljrfcioft® o£ tii&ss- ^gjtttioa* i ! VP*;^^g 

^^_^ %he^Qstfonc~ot the' j^ecodinr jWra^raf h T 'TEuoV* ^Ille^^e^ 

^ ^ a. !. ah:.:f V ' v * ^'v \ .' C" _ l^^' I ^^^gfe-^JgW^fiSI^. 
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*f ' untm a^v ?! ' w-» m,: 
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, J « ,Q - . -~„-^isc 
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\ 
\ if "we restrict ourc.e.'.v<. .; to counting numbers, \e would have to say that 
the^oJLUtion ret ox* earh or" the equations, ?x & ";, 30>: = SOO,. arid -x -*1Q 
is the empty sot. Of course, we may write equations that have nonempty solu- 

tio/fsets in terms oi' counting numbers. 

V. - 6 

lyx « ^13 ' • 
Our utatc- ox mind at this ...oint.may be «o::rparcd to a carpenter who, has a 

« * 

rule .marked in Inches without further subdivisions.- Bo i& able to work ap long 
as the siea^uresnentG ho needs are jSlII inches. Since most- lumber doeo-stot 
measure s^ whole .number of Vnohe:; he\s soon apt to run into trouble. OuV 

, "iriy'thiu-ul carpenter say v»o.l do what many cttali children and aome adults do; 
invesr^warkin^s. To transfer measurements, a child will Ignore the saarkin£C 
between the ^.n -." markings .on his ruler and make a pencil mrk. ileal carpenters 
with real ruler, will also invent markings. Listen ea*ref ully .to cpo'd carperi- 

' ters talki-ir and you will hu-ar such tilings a* l! & fat -even and throe sixteenths." 
Their rules are not adequate for their needs, and they invent new quantiti>=rr, 

' perhaps not very precipe, but sufficient for their need;:. 
» • There arc many wavs and levels .throur.h which rational nuna-ors inay ne intro«> 
duced: through experience, as children learn then, or throuch ordered pairs, as 
some texts and mdftt :natkemati>:ianc do ti.oin. Wo will take a middle cuurne that 



ties in#ltii seventh grade SMS' 



r, textc. 



Wo" will "invent 11 numbers to nerve ue better in certain r'H.1 life ritus- , 

' . tions. Tl^c -oncepts of r , f , yr- > &'& GO oTl^re introduced phyyi-'ully 

: usiTne sandy bar:;, cakes, pies, glasses of milk, and the like. A .candy bar 

i 
split into tvo> equsl pLr-cor, vonveyu the idea of - to a -nildv To us the 

* . * 1 • 

equation ,'X • 1 will carry th'- aame eou'-ept of — . 

A plo,is cut into f^tf" equal pieces, one oi' vhien is then eaten. How mue 

« <' 

£-.„ remains? Again to us, the concept i;> probably clear through the equation 

£-'ilX>4* However, the cnild needs the physical examples to strengthen the con- 



= 1, However, the cnild needs the pnysicai examples to strengthen tne con 



Ig-sopt °*' 

fcof a .number with the property that h • j- = 3« 'In other- words, it is the 

feeolutloji' to the equation hx - 3. '. •' 

Likewise, ^ is a najiie for the, nu^tor vith tt.e property tnut 1, • rr-o. 



£■;. It is the solution to the equation- libc --■ 8,^ 

«•*• Actually, we invent mentally a class of numbers that are solutions of 

J^^^H!^ ^ ^ .-tie- torn ^- ' % •- : "^"' ' •■*'_»• ' ^Ss3 

counting nuriberr.j. 
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Once this ie assimilated, fractions, rational nianbers^ and their rela- 
tionship to each other loco their mystery. , /" * 
Mm have mentally in» ented numbers that are solutions &L' equations* of this 

special form*' To oont'nue our di cession it will certainly be convenient to 

• 

' have .names for thes^numbers . Collect ivoly we call them the positive rational * 

numbers . The individual numbers are solutions of equations and can be named . 

" *" - 1 ' 

• from the equations. The number that is a solution of 2x =1 is named — «. 

• » -. So ■ 

The number the.t is the solution of 3^x - 3tt is named ■■*— , and in general, 

the number that is a solution of bx -a, a and b counting numbers, is 

named ?- . In each case we introduce a symbolic name, a fraction , for the 

concept of a rational number. 



Clue;; Exercises 



N 



Ifor each equation, give the solution in 'ts.e form t~ > with a "and b 
vnole numbers . . , 



U.) 3>: - 11 
(b) U - 13 



(e') lOx - ,-j 
(d) "x v ■ 



V.'rite an equation for 
% - 

(a) tt 



UJ ■ 



c-a'-k.-<t)i' t.hc following is t;,o solution. • 



(d) 



100 
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Let us i«ausc to reflect on this introduction to positive rational numbers. 

The chirm* learns aboat rational numbers tru-ou'gh uhysical experiences. Most 

" <• • » 

textc build upon there experiences, to sho>? that ,a rational number .!::; tin.- ; :olu- 

** * ♦ • ^ • * -it 

tion of aw .eviration. ^»has, a ,<?hiXd will agree that f has the property that '"t£ 

k • ¥• = 3. We have adapted a different view. We started with the eouaMon A 

and Introduced ^^® solution. The ead result of the two methods w^ll be the ;| 



same , 



We have invented some numbers and given thera names . Bo far they .uave ' ,. 

b»- .- ■ only one attribute; they may l>e used with counting numoers to make tr«e sen* - 

B^^^s^Es^fcttaesc;^ s*e wiste to. tJtee-- i fehe jositiw .rational- na»fc*a« aad osa the& to. tom^feaiii 

*•■"- = . = .„ „ _ . T* 1 . * _ ,»i* . _ - - - „ . - _ -„ ___. . _^_i.j U 



*"J. ,-...■.-.„„■. 



algebrai-' system.. This will be done in Chapter where vwo binary ,oT«erationq, 



ifivynviw^jFuin 
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will he introduced on t ; --it of positive rational numbers. Thoiigh we wish 
to t;ive ar. abstract development cf rational nvtfnbers, we shall* *ot ignore our 
previous, less formal, knowledge, hether wc shall use this knowledge to 
suggest the direction of our abstract, approach. 



_t>.j Equivalent Fractions ', 



Soma- of the problems ^l hat concern us here should definitely not be made 
if 
'the concern of junior high school students. Statements that those Students 

'accept without hesitation wil'' bo examined in detail h^re. The development is 

hglven for the U'a -hereto help shod light on>-the structure of the rational 

• number system. . 

From previous. experience with utionsJ. numbers, everyone accepts the 
1 ♦ " . 

statement *that * and ^- name the same rational number. , Let us see how 

this conclusion sa.y be reached without cutting a cake Into four parts. From 

pur notation,' -r nasaes* a solution of the oqaation 

while- t npJTios. a solution of the eauation -■•> 



To avoid prejudi-iri^'the Kiatter,' wo have iu>-d >: in one equation and y in 

* the other, thus in no vay imv-lyinr. the- two solutions are necessarily the name, 

." , , 1 . . -, 1 

The equation .. x - 1 has*a sclution wnicii vj i-ave named — .; tnat i~, -4 • tt 

and J. are two nam^s for the -same number and we write v^r 



> 



i. i. 



Jir.ce :■* • — and- 1* name the ca^c: nmribftr, t^o j-roduet: 
**• 1 will also name the same mwber; \ " 



♦ (i • -r) and 






'■J- 



gjlaS&Mtefits will readily accept that ;fchis implies,: 

1 



as"* 






it * a,) - t 
.. . i 



S*1BQt "She -lisgt'^^is^l'OTi"' "Bkwe- tfn ■ -in "the iPwra^rf *•-*? *= "£ v 
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-j.»y-^ijt ■^-■t^j. i ibi'i ■■ j.ik^'iu^;;^d; i ii. i* -: »i Jim ii|^>yt«^ J S.- 






Thus, it ic -_'on<:ludvd ^hat the solution of 
-Ie also the solution of 



or ni.nt — ■ 2nd t name thv i'W;iv veti*onul nuilber. ' 

If vc carefully loo^k at ti.ic reason! no, ve reo sc:*ious 
Tall on' into th-:- error of ctaviris; 



>•.•« h^ve 



» 1 



'1-, 



V. 5 - hav Inadvertently ur.-vd ti.»' ssi.rooLutiY". Itsv : r; u cituist «cvs «': <_ro tnore 

lii :iu ,;di l;.i i t»i.;.On j CO li.. v v! .1- ... w ■-.„> . # - ,,-, 

j 

"ij't u;: *>au £>•-,• op.'.h'- era In for uo:a<:- iv.-flo-'t.ioM. "<"•''-.' arc- ti'.\.\!^;.t.».:tr" to oaop.t 

...... • • _ ^ ^ 

a ^ lsl , of ::ii.fid in vhi •:. wc invert for our-clv^- "as-- j oriti vibrational nu.mf<y^ 
:„•;•;£ ;-.oni'.- i.-rQi-or-ui---.*;- of t.v.-r.>-- :v--v ^urA-oru. To do tJ.ir ! -'e nuot Lv -ai-cful tl:at \ - 






jf our SiiJ Ln,-. >•;. do not rtryrd -n-clves 



as ■w.rK-toly fr^o'In our ;l?!V t .: - :ti.o;j ;or < :■:-. vr 



'";,.:.. w .....all Dl.T. for & 



sv :' -tor. vj*!i two I rr:iJ*y Op-Siuo:^ 



j;:.:.Mi.iIii-i.iV'. h.iA .'0::w«.'-auvi 



)'';;rt •.'•r-:Qr< , 



. r. ! ' 



,.:.•..:>. Os- i'lifo:.:., i f ; oc.'.ll K-, 



"*, ;: -i". ;.tri.: at !%*•.• Lav, ^ 

* ... ; 



^.'V. >A do ::;«G" U .'-I I t 



do:. 






* 1 . . ,' : v .. 



;/•.}>' 



iiid — llliJuC t;, ; . 'ja."3i; U;.UU< '...:' 



r- .-i.-^r'- of '.: ' a- v. f .;:•• '." • <- 






; .r ; s'-<-v .0".: or ; :uo- 

' \:.- ; :- •■ di:!.' 
w:v>- \ oi,iuJ»M:ts. 



j.ijrNwpj| 1,; tli« - '!r i'ti!it'..ii'>. i.c i-.-j'c ii\-x>yf j.r . i^tc j tr ,"-:•. ; ..' ...' ! 

an a 4r should rtarto tlf> ;:a*e numlt-. T!.».r. Is, tiic ^oiuyiosn: of 00-. of t«e . 
foliowine, equations are^quui: 



in 



f> * 






6x&Ai.; -1 *w • *j 1 r~ i 1 Uui i,-o ro — 

nr%d ;.-'7y - 3> .resyiC'ctively; 30 * * 



!.:r.d -^ are coiutlouc o^v ti.e -q.v^v.i ;«3i::'. ; s -t : 

h ^jrid , Y * t4? -.. .. To -Oin| are tliese ^ 






5 filliyl t."*»C wViL ; Va*i» _ ; i;a 5^vs 



\ 



equation ty 3^: 
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mtfig'if i a'i i Tiw 



^^pt - 
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Wk 



^* **•' ^'j, ■«« 






Jl <r , .gw-^.. : ^..Av.i%gSys^a^fe^^ _ fl 



1 \ J % ' 



j>l; • ( '?'•• 



The- n.ii;i:,l^v V iina- ni' were rhoren to .five u.'ft fo:nn:Lty to t;W lerv-hand r-ides 
oi' Via ' ivo ;'_&'. iWivi! is. rot!, now .-ontalr, tl.e nroau^t, of the two lectors J? 
>» and,.. ,}«. * tiiuv::- u":"i«.- r»-?.-.>>i : :-a.4-v«;' nuwu.^rs -f-' end -r^ . The r L(_;M.- hand side?. , 

v'' ' * ••'*' i!'\Ji ■' * ■' •» !-«*">!J •i»)"\fa >'">.">, 'm lii- >*•"• «5(»*v» l.t'Wl, — » nnd "^^- »PU£t 



Vol-*. 1 *"- *'*oX'.iv 1g-**l ol' l»r-,v* ' r.^L'HO vGUcil *• on 



, U'f 



-. IOo, and hence should 



■"' . te ..'•sllo'i ni;r;,v,' leu, t:.v aa:;\e riu:fj'£r. iiov may we decide when two symbols uanie 



^ 






v- ; ,r; v.- , 



. s^. « s ;*. 



a:. a t sjisj^,- t:,u ^Ciir.r rui-ionai number i.i it is 



i,,,.IX ri , 






■ ,** .&.?**' *».'»■ ^^'vii,' i'<j u , ; oriCi j n'^iiUi, j' 



! ( ■• 



x. > ., .•- . 



V Oil". I <A'J< ' 



l-!l'" i.WO H'.;!r<<.'t'i rOt ; <",'!"iS i. 






! '< 



a: id. 



5 00 



an?.'.:' X-iiL: i^muK- rational number? 



ana 



{Gh • 30C) X =Jlc * „s00 or iy,i?00;< = jj,t-0p 



As those fquattori? are not Identical,, wp f-on-lnds thw two named 
rstional numbers arr* not. <?aual . -■ .. ' . 



S^Bh^ssjs:-!--"- • .1 
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Notice that in ea>-:h case the actual test of equality is made by comparing 
equations. The teacher should understand, that this development is ^iven here 
to orn^hacUe the isnyortanee of the equation approach to definite rational 
mr.nferr. On ti;.> other hand, It <,y apparent from the above examr.lo that tne > 
inn-t, O'" v-ouailtv for the rational numbers £■ and ^ can tt- made sin;nly ly 
coi»v..'si-in{.- tho products ad and' be _ for equality uinee tn^se are 1 the- products, 
that- ei'ssear on the ri^ht side of the equations . Hence, it is siore. ccmuuon for 
tne junior hi<'h school student to compare rational numbers usinc the following 
def Lnioion: • \ 

t-)\q svsnbols — and -r nasrse the sasie; rational 

*' h il. 

number if and only if ad - :,..•, \, 



'!;-V V'ut'her sno'uiti kc-i- 'loarly the coft^ai' icon i otwoon thin definition and 

•-.r.f ; .veviouc one as it will help to v ivv I a 'k^round ai>s unuer:ytahdih t ; to the 

tctf-.l;:.'- of rational nowhere and proportions in tho junior hirs. c.tnool. 

n 
Symbol,:; ruuh an '- , j? , -end fjf -Aa-"K- rational nu:nuors since eaoK is 

1.0 '"n cCiuat ion in the fori*; l%x. **- a vLvr!- a and i. are rour.ting 



l,;* 1 :u:^i,i 



nusiern. Synahol? in the forsi - ti.at rci ivs-nit tno 



wei.i.iCivG 



•o .-ailed fraction:;, vn.en conveniehi 



iridl^aU-d oatj*l<mt Of two 

ns>.' <.■!.',.' wei. .L- ;\!,Oi<ii eGilui- 



a 



j. (_; _ Lr -^ '_• ; * 



L-otn 

.o;;Ltfvi rational 



noiocy "'numerator, denominator wrl;. s r8--tiou3 . ii in U 

•:vi,!:.c el". 

fractional naiiies. Ki-aetions i.hal iiai:;< «.;.«' ;'.«•.):•"; r-atlos»ai nu-MJ. er nj'" -aLled 

.^uivaU-nt frcrrtions. Nov that th>- ian^Vf- or f ra-.-. ion:- and rntle:;al ;juait-rs 

— ^ % — . < ^ 

has soon aeve.io;.oci w& will noi i;e::,itaii- uu : a.. . .a..*.- u;*;.*.-- i t - ;; ...-<-..-. y- *«■« 

::'i::K'"r v.\i 'u i c na:sv- ! . :y — . 

l-'row auru J\x-M-?:»- H «■• ::-«« tn«l, i vuy 'Ouniin. ua:a,-x' ic a ;.,,s?tive 
rat :o'! sl i ''\.t::;t cr. {""!.'"■ :""<"•".- v'f ,'Ount.:!,' : i\ sj:-;; *. r.\' aO a :'.'U! r-et Oi v.«.e !„•_ v u^ 
s.-OG it Lve ra'tio^ai r.ujnvers • ) CounL- L-ir ouj;u ere i.av<"| "flits! i\ :iu::;'.-: j co:;.'.. Os '--i.e 
na*;;cc are -frautioni:. 
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Class Bixercises 

Note: Exercises 9 through \2 are an essential i art of the development oi 
this .section. 



b. (a) Do r «-^-d. -fr: name the - same rational number? 

■* i^ 






and ^frr name the saine rational number?"" 



9. We kriov C * 100 



3 ana Too 



5 • iiO. May we conclude from this statement that 
no the san-e number? 



10. li - ad - be (a, I.-, c, d counting numbers), ns& v *e conclude that, t 
.■ i • 

and — naiiu. - Use same nuiaoer? 






]« 11 
II?. Use the dorinition to snow that — and •— 



or !«!•> r. '.-!*• *-.»; 



number. The equation l'Qi'-~ r =r " mav be written as 11 

uocs t;,i.G equation show -cnat — ana --r re; resent 

t 



•so rational 

v. II • 1. 



I 



1 



./ 



y 






A yiiiu&; !•.,■ roj-rcGv station oi' 
lines ! i l ::<> -:0a:iii:V number:- - are us: 



u.'iw CQUMoi M,?" t-iU..'Ui. 0-1 



illy 






i r-.it ji t 



l.o t:;o number line. 

[ OJ iX\. Oi' a :i;33!-!.'r 

To l lows: 



H 1 1 H 



H h 



There are other ways to repr-^ent the: _ counting nujsters on a lino as in 



m_ this figure: 



H — t t — f 1 -+- 1 1 H 



ijEss 




„«,^..„v-,{. v . 



" 4 1 o ■•-* 



.IhO^J -T-fag^S-; 












*.• >1 



*,Mu,.i.Uk — i*.^ 






It is" clear that, every counting number may be represented* as a point of the _ 

line in this pattern. Nevertheless, we normally reject this representation. ■ ; 
It ic rejected as it docs not co-tain the information 0« order indicated by ^ 
lite normal representation. The convent of order also exists for the rational 
numbers and we vould like to indicate this with a nuinber Use representation' 
of rational nunbers . Order isj^lwr aspeot of retinal numbers of vhich we 
mv*. intuitive ideas. Let uc l£ke the intuitive ideas, gained Troin experience, 

^7 , 

pref ise ■ s 

The nuial-era ~ and 4 are solutions of%he equations ' Cx - 1 and 
i. v , rc-De.-» wllv. 'W* cee that i and 4 are noV equal (meaning t they 
are iic-' : - nanies 1'or the "aa.'Tie nujaber^ smes viiG ca^ua^i-onc- 

/. . • \.. '» . > ,V:- ".V _' J. " l (V . I) 



and 



\.. 



(:■ 



j\ 



are not identic 1 



i 



L>i;i-'-<; f- ic» e solution of 



., while ti 



notation of 



j and oi' 



a! it 



v - 3. and of h>; 
u, *e have o 

HoDOoninc informally; vo mifht nay ei,-vl Li, ace fhree-fourfhc is ;^ than 
eirht tlir.vt: o;!.--!-.c!f, and i.en-.-o that three- fourth is rroatcr than one-Kali'. 

•,„ ... W* ■- ^.-o--^.-. ^v a ...;l... T J; * nuifi! r.-rc -^ end ^4 absolutions 
of the eciuat >. Or. r- . jx - Jo and !f>: 



--• "■' 13 

,-,, U |„. ^, i %.--] v . Do tne fractions ttt 



i>>d ~ — nSU'S-C' t.'.f' :.';i!!iO 

17 



17):-: 






exam: :V 



! f 



equations 



ahd 



i "i j x 



(>r 



r.s s v-! s , 



'i;.i equations ur- 
\v.-.- .'on.-ljdc v.:.ul ttt -/ TT * * (i -' » 

,- , « .3 ■"■■ ■ 

-'■-.l 1 iwc -rsr . *'- I'eanon intuitively that r^ 
-■" .Li ' J 



"T Ca 

d 



J.* ! I I'JIJ. « v. - i*.. i » -. . f » 

*"" J. | 

..,,1.1 

We see f rosi these last two e>;aia5.'les_t.hat 1 the, rational numbers -g 
n be ordered by comparlnr the products ad. and -to-,— *. -___.___^ 
This reaqoninc guides us to a formal dof wiil j.O>;» 

.. . *S 



i'oiv, 

than 

and' • 






>? • ) 



•jouhtii'H.l iiUtuh-s rr. . If ad*> f -j •'■■ : '"" 5K > 
greater ■..{ian ~r . 



a ... 



r.nd d 



:.asgp 



»M^iiyll'i'iiliiiiW!iiu_jr&s~^ 















The. reader 'may complain that the definition is difficult to remember. 
' .Some practice with it will help and one may always return to the test for 
equality and, reason a-jjwe did above.. " 



Class Exercises * . „ 

^Uofce: Exercises 15 and 16 are an essential part of the development of 
\his-' section . ' * 



13 • Insert, in the box the prep 

J >7 r-. IB 



, . x i ( I 1 JL'-J 

w Bf D- 



sign ^<, >, or -. to sake true statements . 

(d ) i^in^ ' ■ 



I'i . 'insert. In the i-QX. the s/roncj 

x IB 



1:.) . 

It... 



vv " 2^ --11 

0.) ^n^ 



! M 



>■'-■ r~i .-■■' 
• •'-. -hi n 



; 



•> ■ t 



Let — ana - 
; ' a 

isanhvr liud :;:.ow 



/ 






■ ' y5 LJ i32 



* ' il u 33 



U '' 11 • '110 

, . 'y n 10ii 






to rgake true statements . 



' t .1 j'i C C U v." 



that -t < -7 . IjC 



a,». 



do a .'ountinr 



^^^^.-.-ilxer^ises 1> and It? partially show -that the order relation of the 
^™.w-..r?'*'.. " v ■ . . . .. ■ , - 

gt-'-ratidial -numbers- 'doss not defend on the particular fractional representation. 

tS=$o-w that a definition of order has "been introduced we way systematically make* 

ST^rwtiorial-' numbers correspond to points "on a-. - , nanfcer line*. AS. an example let 

'jMcsiBFWrara'ili^or e point- eorrespondi-ng' to 4? • It. is readily sftowB that * 






3* ^ — l < 



r *-t 



*; .*: 1 »-, ji, ,-*' s* 



That is, vc waul 






ferv#-- to be betwoen the poiutc whoso coordinates &re £ and' 3»„ Which point 



2-LsM.,.-.- •.&, -£&)»I£L «&,..ctoiiNS^ .***= Si .- ES 



I"..., nieanure on a I'ijic. (Sec Chapter lu.J 




TTti^tr^r^—th^rr^ 



'VwB" ' WW " iis» .^ *i r ^ n,q; * ". ; tg 



■ ya. 1 ; * 1 '*-yj>»'ff !^Rw i ff .^ '■nW - ;; «i> ;i'-™- 'W y ™ - | i i p . SP^ ?! ■■*»■■» * ■ »? % 



yb* 



i'li ! ■ ■ U ' - ' JU ■*3 fe ' l W!3^?* » ffl W W *W3H M g r* * t 



saas 



r 



' j A j 1 I i- — J 4 : — ; — L» 



Hers the visual representation* of the positive rational numbers on the number 

"1 
line indicates the, relative magnitude- of the rational numbers . Each* x unit 

corresponds to the same distance. ■ 

A more customary approach %o the ordering of the rational numbers and to 

the number line begins with the number line itself. For example, the line 

between tf anil 1 is divided into four parts Of equal length. The end points 

of the narts are- labelled x >' ~ > $ > and » -*-♦ Also, the same segment is 

* ■+ tf <4 l £ o 

divided into five parts of equal length with end points labelled — , ~ , * , 

i, ' ... - ^ • . j , J ? 

~ , and 1. By inspection,- we determine that .^ is greater than •£. This • 
procedure becomes unmanageable for such fractions as ■=£? and tttt: . Thus, 
we are forced to use the more sophisticated approach of our definition. For 
children, the geometric or physical introduction is recommended, quickly 
followed by the algebraic approach. • ' N .'. 

r • 



* 

Class Exercises 



17. Here is a possible correspo« v ;aon.-e of rational numbers and points on a 
line. Criticize* thi*;; correspondence. ' g 
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5.5 Whole Numbers and Rational Numbers , . , -<w • 

We have confine'd ourselves to equations of the form' bx = a, (a, b 

"counting numbers). Let us extend our horizons and examine equations -of the ^ 

form bx - a where- we now let a and b be whole numbers. Though we now * 

"lave changed the setting "of "our discussion' to include zero, much regains ' •• i " :a; -=^ 

familiar. 'All the equations involving 'counting numbers are still with us. j 

g^ ga ^^f here. are,, jb»«ey£tjn ' sane i»©w : e$#tio»s« ,. Some esassjlifs of these, are^ . Jagw? g^ 







ip* " "" "■' 'mwra atfuu,. ' ,* .,L^ -. --,<'-' i ff!Pi™* *^) j^ > 



S*^*«. , V. 



4 



2x = Ov = 

Qy ■- 17 Ox » p 

3e *_ o 5'X - » 

Let us lookVt some of these- examples, recalling that the product of< ■ 
and any number i4f 0. This latter faet makes as rule out equations or" *he 
•form' <fy - ill Ox -- 5; Ox - a where a / Q. J'ho reader should become 
indignant, at the suggestion, that ve rule out the equation Ox = $ and should 
demand that more new numbers be invented co as to solve equations of this form. 

' Indeed, it would be possible to isake up such now clients ', however, what" 
are trie bensoquenecs? Wo would, of; course, have- to' {_-ive up the result that 
tii-? produ.-l Df and any r.unbcr i:: 0. Wo vould have to give up the die- , 
trrbutivc Jaw which could no longer hold. The vhole otrfi-oture or arithmetic . 
would .-oliapse-. The t-aln is not worth what would* be lost and co we do not- 
allow guc:. invention. Sin.-e wo nov exclude the posvlbility of -solutions ^o 
Ox - a wacre a / 0, ve are in essence saying that the .;orrccpindinG symbol 

"^qualionn of the lorn Ox do have solutions. Glri -0 the- product of 
and any number lc,.Q we may cu^otltuio any number for ;< to obtain a 
true styi-vnu.-!:-, . but the equation Ox -. does not define any unique number 
and go ui,o;;c vcuationc are aino ruled out. Thus, the ^orrerpondiu;,: cysih-ol -r 
also h*<; no ineaniur- Indued, tno;.^ lact two rotuite Iea»: ue to iAv* rtatoment; 
Wo cannot divide by zv-ro. 

Finally, there are the equation:; of tne fors .':-: O, je 0, ex ■ 0, 
Lx _ o, (h a oountuv nu::iLor). . -These equation.-* hav- '9 a:-- a solution. 
. With our ceei^inai notation for fra>^i.OuG, ve denote the solatia of .. x • O 



u 



a • >*e! r^s * .-->;■ .• . *-- . c. 



,. / ,■•- ■ . > -< i f:' 



g. '. Class Exerciser 

^PSr^'irS'.. "Sso the ^gpinitian to s«o« that tne* i'X*a^t--i-Onp 7? and ^ name j.no. same 
fc:_ „ .. . t rational nujuber and. that this number, mubt be identified with 0. 

;f*' * .1 V » XI *j. US p^OuU ',' 1> 1 X' WO J ^ U."ii ^rl*;j c i.; U a U iuui l.- -i- m J. .« ^ a. ^. a Ui * *«v ■•*- ..-• j ..*a^ v. -LI* » . 

"£- mod *•♦ w 
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. : J^^S 
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■A^bA»v^^fe^ga>fei^^g-ss ^r-: .n::r::a^tr„^;L"vr t t^^j.--j";x^.\Tj--.i;- ^e3 a^a=s ^www ^|^ 



^ ^ ^ __ si , _ ... ,„_.^. . ..^ — u ;-•;'. - — -* ; ^5j|js 



f ^' *s* ^J 









5.6 The ' Integers . » 

In Section T oi' tlus chafer wo observe^ that the counting numbers do not 
provide a system rich enough to contain solutions to equations such as 3x - -u 
'i'i.ly i-rO\* idcd'ii.v "u: 'porta: :lty to introduce some m-v numbers, the positive 
rational numbers. If vo return acain t-Q,che counting numbers, ve find another 

*»1 *1 ,— *- ^> ' * ^im''"? '* i""i **i *'* *" 1 ** fi? i* 11 ^ '' >K * n'»»' i !»- e~- ?' ^' »\f% »»i— .n****' ' «•» ►-**} \ *^«iv *-, >* t — 4- V»»s~4- ,-»^j ►"o^fY^- }>#*» 

answered with counting nur:; crs (or with j>ocitivo rational numbers). The ques- 
tions or equations which were used to introduce the rational numbers were mul- * 
tiplluativc in cijilurej now,, we look at those which ure -additive. 
Here are comb questions: 

(a) O'onn is oov L. years old, How old v-ill j,c ;>e 16 ye-srs frori now? 

(i. ) Kurv had • h- Bee bit; re -orcu:* She rereived. -\ wore Tor her birthday, 
how jtis;! v iiestio records- d.ooc she now have? *** 



.«' . "i 



'Ayr-. Smith hap 



books or tradin- rtajn:-s. She wishes to obtain q 



. ! c,l :;e.. w.\! 



hooks oi' stainns. Slow inany 



mojv r-ooks does Mrs. Sraitn need? 



T::<.- vQnr>itutiori require;.- that \.;,l- President ob the United btutcs \> 
jI year:- elti, John in now 7. I:: how ;:2iny yvarc will no ic 

•''''.i.'i'ol-"" 10 i. '. 5 !.'L*;''. I-dv'":;". ? 



r.'.v answers lvf*(u) and (i ) el'-- oi-tjj ln>-d >• ,, uuh>.: U.c t ! ha 



addition On 'the "O. «nt. 
us bldlt lo.'i s rol l'.-!;:s : 



;;u..'U *.: 



$ar;y onersVion ol 

) end (d) rsjy a Leo '•.<:• ; nrsscxJ 



o , .cJ C* , *; a**-* •*■ -i ** i ** i ! *.* * ».*\. »*. mJ . ) j.t,L«i U.*^ w-*»i« j. i • 

Vn.ut n.:;:;^-r v.v. n uddvh 'u .• vM-lr l:.i :-.i.c O ' 



"'" ( Oj-t n ri.-nl' 'ii.;cc } 



<5l,. lion- :•.":; o:' t:.r- f -ja*. :onc. . 



;;»->a 



Y + x 



'©lose are ^h% equations vc vmnx solved, Howovor, wo jiava learned a systematic 
attack on aacii (.-robiema thrQatth cubirs-ction and v« i-fEtediately fall back upon 
it by col'vinr ♦ 



Thorc arc otfiC. 



iv-iH.-i -i--< 



■ r - X ' 8TKS- " ' 5>- - KJ - K» 

-ionc thax s®y t.c- pithed, lu t;.e rra^sCivorR or eounAiinc 







-aasssft 






'*-;-' /•:>«'' 



-F3-.cE*r»WsS»M 
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i ^ifeiife al^Si^^pfei s^^^ ^^^B^Siigsii^^^itei^^^ 



sk;. 



(c) What r.i the solution set o;i" >> + x - ! « ? , 
- (f ) What is the solution set of 5 + ;■;-!?? # 

t- .. r , ,,-....<•;,,„ ^m^,.ivb C to i.he .-Quntirir riumhers, v<? would have to .answer that 
tnfe solution sets or (<?) and (>') are the empty set. T;.at is., there j.^ no 
counting number that may b>< added to v to prod-roe the dujh ?., nor is., there 
"any oountinc number that isay. be added to f to produce the cum p. (Kucull 
that io not a counting number.) 

Thin preuehth a most usicat -.^factory, situation; f-orac equations like 
:s + x ~ v have nonempty solution acta "while others like ^ + x . - have 
o>npty solution Wtu within tkc iYamework or *.he .-ountinc numbers. Yet we 
frequently want solution:;, to prohU-ws that take tiie 1'ons oh question (e). 
For '.■;-.a!!!iil'.f. 

(e*) Mar.v ha. 1 ; •.' lieatiu .;.••.. *ordu. H->r . itt:<?r ■»■». tolerate only *• of 
Uh.ta. V/ :! (!t ..'an the fati:-..!' do to sake the situation toleratle? 
A drastic solution would l.»v<- the father destroy 5 records. 

.r/1. 



'"•V"'>"Vl!» w.'i'jd «'or .sir"' "t.O;:; ; - .'*< wa.:" luLii 1.0 !",:,!.?','•' 3 i'.i, 
U,c roui%!: Un.'L. i'hro;;!. u;s OVi'V. li-.'.t ".-. rv lis vva' 
Li t -i.t. l.\ ti.t-:\ asiy way for. Marvu. to iv^..;rn to - 









A; 'iJ! .•:• vh;.::, to :• Y<'iu; ;, ;:;. 
Ho**-.v*r, ws-v I:- a «U :T«..- n •• ;:. 
experh-ii'-i' .•.■";t.h i. .'.■-• :olui ..<:< a;' << 



ntUQf.ra :.-:V- a;. v . •■:••! ■•r:e:!-'- .■:. 
!.c>l'ore a r.f.iuy oh equation;.- -a 
4 round • .ni *-r" •;!■■•• i :'• •:. -til. 

I ;.,.. «,-,»">■. .>:"i;; itiii" V'i "«•■-• 'U;«:;i ": !t ;.U..';!<< J": '•'■'■ 

U>ic ot.'ivr ;.yiul i.-a." '.'.*:! «;.arK\-d a:^j ua;:.' 'i U 



:.. = uL; ; m :■; >, '■■" 'i- 1 r:ov ly do<- r th<- 

;■ L. -O!:":;' m !,'•' U" ; " ! .- -"' ' ; >"'-•' : '- r ° ; *- ; " :^*Ki' < "-" 



: ! n. i is u .;. anvi^ i;^:. 



Jf 



X 

-+- 





/ 

^ fc- > ^-+: H j^, - " — 



.i ..••! , ^-. .^,.».^ ••:'..,. r... i,.>..;> *1 • rti ■' i"i 1 !-'. ^•'■Vt. •" ?■";:! V' 'l' v '-th*' '! " MT'-'Uti'.-d 

— — - : — ~ 1 ~" v . ,- ■* ' j ' i . pi .. f i*, h .:.vvi..~^A J t ->w- »-■«*-!!>' -I'- "O'3'Wt- . v ~* » 

s..... to JusUi'y RBJiiifio joiiiir. tc U7 1*", >. o, ,w ^.-5«^<. - *-, -a— - --- — > 

fc... altitude abovo-and below cfca level, and di.r;tan..-e, Let ur r.hftpiy aaj? t^at 

:%!=—•- ■*• ,' ,.., .^. * rtT , ,v.-.' -»-},,. l ?«.■>. i««i n«.%y» nn^ied wtvi t-ftst we wish to uau;« 

£ points dxi t!Kr ol.ii'„-r i.Oj i-:.w. «y ^^-»-^ ^-~ ~j »■-> — ? 1 » j 

j^ps^saBB^^s^sSiM7H*.-««s : r-.-M.--.-..^4.^-~.» .^.-^^^^_i > __.^^._. JS ,,_,..-^ t „^^_. T .:-»-_.._ r __^,.»,_ i .. — ,.^,...._..L : „_ J _.._;_ vr j, 

S ""'"" " _...._• .....113. ' . .- .;..... -._.. 



4UbSiimR^ 



jB tetfas.-^ ^... ' , , , , 



'■ l3-l'<k 



nmftih iwiwpwi 



It iv. isgiv i-otiVeniwnl and .nunh'more useful to make use of the Hindu -AraWc ' 
numerals. In order to be able- to differentiate between; thoss?. naming; points 
Vo the rl^i.t or 6 and thoce to the loft of kc ~udo t<.>.- cynlcl " 7" tc 
denote nu!r,cra.l.s Torres ;>ontl.U^-<o ;>ofc>tr; on the- left. 



■ l 



_, h 



H ^H- 






j on t.no 



I]hi isv*..* **iH f r;^ci V * ^*° 



"wi ; ? ' x ;** " ,! "*nL-0 



•Lrtl ' = 4- t; 



to oJt:ii];aci!io the distinct i on between thece and the ones on 






v-vju'u; ,Ls 



l 



> w i. ; : 1. Ui ;, 'A;;.,'.. w u- ; .O -i-^-~ 







v;h.iie -i-.l hij;.>.f l: j.ui.:it out. uiiit uo tia ,rL L hl. 'r:,c:o thymic! s ;-ve rs&a "tv-va- 
t:vo on'<-' ! ;.ind. 'Votfitivc OiK-" , rOr;M ,-t I. v^ly . Of jourr-, 1 ^;>d -i 1 are just ■ 
two .; if _\ ,:'«.:, t wtey? <&'.' n?i;:,r^ c ' 1 tjv rr..ut!l or i '.-.wilo 1 ut, a ~X tio:;?.e two 
d5.;'f\.iV!it ;»,j:i*". r;; , 

Kote i.;,Uv on ;.i.v uuj:.! :-. ;- line v Ll.vy no,-: lo^atc.-d a j oi?:t oi>;-osi.to i.o c-tiui 

v'Oaliuj.;^' ij <Jt;l s*r: i. ... tt.-~ "Oj-j-Oi.' ..Vs. Ol a,, ' iC ",.?>L" 0! jiOS »L'.: Oi , j find. 
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!'■',•! *,V :"■! . >«' u « >.',!' f i'.",." "j'-.i -!»:' (j'.Vi.tiO;. 
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gsr"- 3 """"" perform "a^ditxonn" of otn-or segments (&li sc^cntc htrin Gt . y) . 
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Class £>:erc is uo 

20. Use line segments to perfowr? the following add iU lone: 

(a) 3 + -'• • 

'' •) .•* + "l, - 



x ; Y 



< «.' .< 



UO t, 



Willi "^iiic im^ri rotation oj' eomtuunr r 
method to ;;oivc equal iona oi' tno ior;r. a * ;•: 
This i; conn arable- to the sji&r. used td learn 



ricTitn vo ' now Lave a physical 
v t tt and: i cou;»ti:«tt manl-ors 



y^out rru<:ti.o 



1 rt'V- 



!.•-< .,.,.. ". , . '",0 ■■•,, 



~A, 
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<■ - » > 
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%~. 'In t-iiir, case, «•;■ must 



*»V v «.' j 






I 1 I 



'..-srs 



ISP— 



-fe 




V 



".'J=SS53« 



*~^SS^sk 



^alll? 1 - 



■,'l" ■>■' {'* ' , ^tr^TTR-l LITMUS 







'.a ra iv;ju;'u ' v^f ■ u.- ' jS frrg 









i^**X^Si^e^iSec*=rr'-SS; 






Claim fcixvrr iawu 



51 » Ust- the method of the ol-ove examples to solve the equations: 

( '\ i •• .* ^ n . . (si > ~- * x • h 

) ! ,. i >: t> (o) b" -i*x - B 

* 

i' . ! •' , v 1 >' '"' < ••"• + v i. '^ 



Br 



J^Kwrw* 



"P 



V;c goo Prom the ciaas exorcises that soiutione-to equations of the fcjpi 

c i x i", o unci f counting nusuberi;, can he positive, zero, and no£ative. 

*■ ' 

The colle .-i. ion of all solutions to equations of this form is culled the set of 

jiitcryrs.; . K;:«i> aiemher of the cot ir. "aUod-an integer . 

Ti.c :;vi of integer:- U- no::urUTne:: represented in the following, form: 

4 I I • • • > Js i 'j 1 > 0, 1 ,.,;,...} . 



.j's. ?. hat tne 5i*t of 1: 



,V(.v: :- 



.-onsiGti- of : 



t!:o i:c-t of oountiiuv nusib'j rs; , (1,-, 3, . . , }, 
• •tilled U>e por-i I IV" l:ite;>-;y ; 

\>\n- :Hij;:i.n.-r ioro, ; 



'U. f< o: ] C-. - - W. :" O! 

"I ! ,v UU t ee L ef l»he 1 ftl.'. pe e; w;* 
tl>e 1 i:i.i -per '"' •'• : "Jiil''C t!.< vjiolj 






"C"jJi,'7 : U ••!- -->- 
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r • 



jVor.i eve, und 



,.i !1<J< 



.,i:: : ! • !■ .! I tv- \iiiX-jyj\ly is it rodder, nn ordering of the ii'teperi:.. 
ni-.\.-a \ ! .j ii.v-p' r - vc io.-att !:,<>« ort ti.e extended iiu-::!. er lisH- bad ull ti.-..- on-„- 
to t;.«c? ri^t the i'reut^-r. Tauc, w- call k > " : i aad *1Y > *.vi« The- latter 
•.:<&:'.';! I-- . env *. i •':;'•:' "'j .-.•"" Hi<-^r i a<-:.'r !;>n>OM.t r::.,^^vlit,:• , :a'- • rrr-at lal j-oiJ'»l- li" 
L:,ut order ors t,:.. w;;,! ' r U:,<.- Ii.volvfr d! ;■<:■■; ion, \;:.i. >h i; l:.e r;-:\.en:; ;0:i of 
i.:cii rioilon oi QVo,'-r of tK>. -OiiiitBi.." Jjuiut <-r: ; « 



Insert in the box ^ho proper 
» (a) * lj Q^ ' 

(o) -jD'v 



-•, >, or < to sKike tru<~ i-.tatw»i'M')!.s: 
(in) ( v » 11(3"""'*' ^■j 1 
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' Qur di-Hu-i-.i«;ii i>r Uw mUonai^iujuncvr L;i x.ua \ i-cviouc se.-uom* dovUowc-d 
only ti.o lion-noijit.ivv'rylionulq. .wit!, our iu^luOi-.* ar t: : c- istrvcrs v_- now 
o«n oom»ly-.v cu •:vt or i-irf.ossal nu;*<:rr ^ ir^ludkv i.ejutiv.;; raV«oii«- >•■• 



i"\C JU J- J 



to iorru 'l:.c : > 



•1 o'.' UjV," -v . In lib i^r^osi 
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i*ai..iOaax Irir.; 
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Hon" , io oi- -t. ; or :\iv« "rational im::u.r:' l.u.r< 1; u 'or:'--. -• i-onti^jj^ nvrkt-vcj 

5ii v.c li/'A-ov lino nc]ow» 
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\Ot >r 



%-* *s 



•0.a;t.-ir 



.-ii 



•■•—t 



ordered ja- ; .r ^'.a^on, i" L: 'U-uv •-»,! -i- t:i'-::ii"T or U.v pair '• . '••• 
••%«d which Is the isi : -i. SiC- ordered' i*aU- (-,^) nam*; ss -iim-***- 
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a**** - "• •n.M.iSi-> *s ,1*S * 



V 






At,- L'tt; vi.Uv 






(i, ! ')j i.-> L h " !s « C^» K ^) 






&i?sct*.yjis %is^ 



A .,n. 






(M*a«IL*i-EE f i^: 



-J-^4i£ 



are 






i 3,5 






.vW-i^tV.^VW^?! 



The; in«--t,nol ol' Section " that deVsiopc the rationale i.\V t;:e equation "Itethod 
is essentially that of SMSG while trie method of ordered js^iro- oi' thlc section is 
UUA;e-tud lij :;o:;-c Ot'.or Cic«:ofit^ry t^tG. V-t volivvc t.V- s..q..Jut ',o:. :;;ct:.od to la 
t).-v mod :. at ir factory for .vovur -..v.! k ni-c-, i. ul lor -cm l-jl'-iio;., c iii.-Judc- tt.v 



ordi-rcHi j-atr mcthoa, _ • 

in ti-.v vquatio. 1 : ;::a:=CJ %l.£- e.s.'-cru-i"! **.- oT ti.u . UU'-ii" 



;::■ a to :::Gt.: v«tv 



b Ipliv;'' In cm- roJuilon of jeriyin fquatio'V . Ah crd'.'-vd jair a] i roe-'h alpo 
usco tne student's v;-;j--orlon>:v, tut i V a :noro rormai way. 
i 






Vh 'I iO!l U. 



f>rovr>.-c ! b.r *•■>•■■ &', 



f ., ■• i 



**•' -77 



3 



J,):>S:. --.j"..!- 



3 ^ ('! !"» 



! ; I f . I - * 



(■,.., , ) jj.-.d i, i ,\,- 



J 



1 _— * 



( ■ > ( - 



k:s 



v t 



ioiutlui;^ lo co.;ut ioiii o«" tu«.' 



...-,) 



; <• \l';-V LU<iiio, , 1 • \ .'."I. Oil 






iv*. i'ti* l^iiS)i.:ii:;i !. r; 






uoii^truot a i;oiuliuii to \.ul- v^u-u^io^ 



^> . J-H- a; iv »v A 1e& I. feiiiUi j^ v> '"^ ^OUipi v- 



* 

of e solutio;: on the: nusaber lin«.-» Suppose w<: d.trr!Ott t.-a: ;:olution or > r + ;- -■ i 
hy j # 7 U&y "ti.-rc-o ahuri-- ceven"). In so dolrii', ^v Jin- ^ayia,* that ^ / •' 

Hb£ : tis-' j i'O! \ j'tj?v - i ,0t * \ 



r.Jii- 



sscajwifat . as* 



>^ 






"^i*4-s:.X pSiX^X; Owt U 



sa STF ? PT v ; ~ ksv- tfr.-VfiV'of 






-,»»J»— i-tw^l «1«»T 




— « s 1^44^ 



■Oft . 






^a— B N giag 



^r. 






.;>••!" •.'«j!i.n\.ior 1 c that Lave the ca^ie sOiUlicn as i ■*■ 
•s ion --•'< -■■ >- • <0. W» --an denote itc solution 'by 



•:< J ;> 



%U, 



& •* y. . St' 

«••'.&" t . >".i« ■<- 
t;.,;.i, ov. r : ;. 



.:.'.• ,"04 .; >,. i,uh ,..<a . 



hiU <iC; l.'.V riUiuV-V-'i' iiisO that 






pO^nt .Muincci. .s x\.'iTi. \*;'.u 



uc: ;:'.-. a.. t;,at sis^ac-ci iron; vru* s 



. N i M '' . 



iiiVi jU 



iliu^u re: 



r vor-ir 



\ ' , i* - . v 



v- .; j I.1.-A- *) :s!l t:.< ; -.u 



jQ fcrv co.^i. ih.rL vv .\-tsvc 



i , i*? .!:,*.* « 



t'l": '". lOIi." 1,'.!j\. '.L:;;^' .'jOiUUiOiiC Ol ::.Jit . J i.: J&V.-.-VC 

-«■•,■ '„:<- u:v - :.;::.:> ; - '• '.' : ^= * o:<iy ih t; I i '. I'uv 












tw '. ,v ijfsac; 









Clacs RKer--iseL i 






■;>% — rv:;, •?--;, T.-.'.'r-TV'.-ini.T'srr'. - ~ '" 



'■.ft'*- XTi'-i!. .iste if 'trie 'two syj&^oJ-i- na:ue tihe s&sjo i-ntc^y-i'* 



"--=s«fe-'V (\1 + 




■ $uv3. ■>* \ 



(i/) -. (Si +. "99). «»4 7l& -ic£ (1.0 f 



V,\ 






-44^-^4^- 



**>^»-»** :i ? a K:'* a «« i 



^w^ww! 



^.jaggaa^s 



,sa^3g 



? 



actors -ai !iot- 



rollovvd !.i.:iorJ jfcl :,rv.*<-,'df!!..<v. Sometime l-oi'ore 1700 h.0. the i^OT'tians were 

U«J t.Uc' '.'OT- u .,V',,* i'£"»i '..).' U;i K^iii. 01'U . V.-; :,isVO -VCU at J.C vO Ci&"lO t:,i..'; KiiUVXcOc^S due 

/ailed xhc K!:i.ad ;a;i'ruc. An ex; - >:\I i\>nt outride s^cijr^iont woula bo u report 
or: t:;^ l?:„L:,d rai-vr..:;, p:i.o K;;-,:yclo;.edIa Bpltaiinl^a ., III.:, 'edition, is s fine 
foui-v.) Tr.ewtt j...-— vi-li Wjowt!, v.'.o Bei-.yit^-.unc or -,000 y»a.-c- s^o also i.sl 

«i;^ sX^VOiO ;-!»■> ':it Oi' 'u.v 1 ,■!-,<-{ "'LTu' \J-ViI:iG ffiU'M. !,£ti\Vj isT ^fcT 3C V',' k;':ow. Wi.on 

"iS ;«;.•/>.:,.• t.v. ori,, .'.:, oT I doc*;: osjfj h.-ucI. r^aeiSi.-c-i" thai cLvilisax. Lo'j is not 






!"«'fi'i. T:;-l I ■■»•:• v' " • 



i'-X-.r-r; :.r.-v-i- :o:u- u;.« for--. 



!-•.-, 1 ' .- 



v; is.-»."."- : s. v..: i.\ m'O i.tr.l to i's.isd, ...i" indi-C-d iiil^. ."•. ,LI "•' still <\\l::t . KtCV-'-'l^'ds"'!'- 
Vik" .it.'s I ..ht . Cl'_'., •;'.!'.'•. a, j_ '. .,,• .',',:,; ,; ; ;,fel, Li,,.:, iiuk*.; T; i "<_-.'. ■ uK::-ui'0) ; C'i' C-'ii::S 






'to i:Ol it.-;: ' v .<I'V L v\ , 

is: ^ • rii -j .* ;• V*- 1 u! :.v a: . J-. - ; : 



•ii.-.;tro;.'t.-d. Yo •■ "..'ill ':•!• ;jilv to 



: ' Of) 



i " ' ■*-•■>•>•: 



!•:... ,,.,,:,./, 






v . . !. . . ;. , -^ \*» „ j.. v i 



,al ! - ; vr;' s.Hi-* voaitl dvv-eloi- 



s 



* " ^ '"^ 



;^^^^? sr5; '' 5 " 



j|HUi«ffl^«KUjC^u^tC4iint^V«.<4i t 



1M 



pr — , -^ ! ' 

£3^., 

i».-™»' m» iw m' ii! hi.. 



4^S^- 



^sS. 



■«*»s; ^ **»- i *V» ; . I r- 



.!S X.^WU (,, . ' " n •»**»■ 



^..^...jt.^^ 



. total 



•Snow that : !\ : j + 6 + f + J i) - t 



• A 



ChaynTffr Exercises 

I?) + V- ' 6) + (•', • '?) + (.'i ■ B). 
. ■. + <" !: i f f, + ( ; ;- + 1'))) . 
Give two Oviit-r symbol .:\vhi eh naat * th0 caJa ^ rational nuisber &s does 4~ 



\ 



{(U + : 'i + '-'' ? + ?j * 






01 <; i •" - 

L>nGW vi •<;'-• 



name u solution of 



1 ! , 



/ J' 



Does — name £ solution 



caiHC rations! nurrd-ef. hhow tn&i 



ana 



r. aiS'i- i ■& ; , i. o u & 1 nu;n W r 



! o «. 



Vf;.ut ^ou::'l. i.n,-; nu.Sii-'"-r :fiey '-c usod to -i&ao - .' — . — — » 



Order t..o roilov.n;: rk'Uonta nusi rrr l-vlnnlnc vLt.. u:.-<- salient 



j,*„J * *-.j»;A '-A\— *i. 'J 4 .* ... \.» -»• "- V ^ •> « 1^, _ W ^ 4. J » '* 









',) 1 



11. Ordc-r t:.-.- following rational ;;;.;:•,! err t e-j.:^ . !.r 

J5 11 1/ 1^ _A;_ 

~ •' IT ■' .0 ' !:■• ' ioo * 



;i,t.. tlit- 'v-.s;allo;-.t: 



S^ iw 



Wnioi 



'a| ii-%: 






<«V 



(d) 



of u::!.- follow :•:;,. al.H'.'-nu-isi.r. sre true; 

integers air- onuositec of the A-ounf ,;,!»;: nu.:;uer5. 
Zero i's en integer, 

The s?t-of whole numbers -includes only the positive integers , 
^ 3 «. MJ^-ES 1, ."*"? - s-.l«ss.t no n ^.he integer 1 5 » 



(e) -Every integer can be ^pressed ©s the solution of a-n equatior 
t"'onn b ^ x s t;j $ liinu v counting niinw^iw* 



in tne 






K-flES'R=?-H.-^™-^BCa~— 



-*^i&4^34ir- 






^".ggF^.™;- » ',i. ^', l . l . l ^i;, i ;w? nfi. 1 , ' . ' * -t* 



^^— ■ 



A: is wars to Class Exercises 

1. Write- , ♦ b ac; C(l + L) and use the distributive- property to 
fii'rivo .&t i • - -:,'•'. 

b. The distributive lav, air •>• r) _ i,b <*- «>.•, or the left r.iae tells us 
• aomothi.;^ about the cira or two uountiny numbers. Tiis broau^t 
3 { .i> + + ii'j involves the s>.un or three niuiibers. It is still possible 
to use- bho diatriUrtivc: yroyc rty, i'or J + o -j- v.- nxjanc (t •!• o) + 8, 
. 'i'i.at i:;, > -<• *_• + 8 may oc- r-4;ardod an the- sun ol two niffiihGrs, one 
riiCK-d. ! 2 [ o and thv. other n&isod- -by. bov write j(b + o 4- b) as 

J-' \b >j '- ) ''• '-')• Fr<5.'."!, t;:C dLS'L';'!bU". ;A'i- M''0! '..* > rtV thu? KUsV ': <? • ^T bttefl SS 

J.'!-' • ! J + :. • " ; - Ouo oti:t,-r &;.].ii 'stlon ci' t;,e ■ if-jtribv.tivo property 
Civv.; t;:*. .svquirvd result. 

,;;. 'i 1 : a-re «re many wayn i.o do tni*: r-roc>icm, sii requirinr the use oi' the 






« 






;•>'',•-* •/ - \l ' ' ) ' '• Acco -JvAiv-, j-ros ci'ty o,' ?aulti] ii.-at.ion 

; * i!> • '•-) Co":mutib ivo rroyor'tY oh mult I rli cation 

• " U-'*''-.' Co:ni:;i:t8t ivc- j-roy'-rty oh Milt iy-ll nation 

T:.lc ; rot Ick:: sui.v tlso iy do::t.- l.i: sr.&uy or-ierir. To jrou: ; >, b/ and 6 
toycrthor ws.- tr..i:ik o 1 ' y ; -," a.- on*- ;•:.«;>!, or sue use tin- srso-b titi vo 
j ro: crty (a ^ r )-!-;:_& i- (i i -}, AH ,. ro; <-r\ivr usvrd <s:-! lv to 



I:* + ■• ) "> (!>•>",' - o + \ - •*■ (!> + b)) ^ Associative Property 

[ • •• (]..•*••■>))•>:, <;o!*saut&t Lvw Froj.Oity 

> .- -A. ,. , . 

j ,. -i- \i. •( --j -. $ + -j uoHOftutsi. jV" pj'op'.'rt.y 

" .. ■ • ({- : > -?• w + >) + 3 As^oriativf *Proji(srty 

- | (6 + =\ ) + yj + 3 Commutative Proi>crt. v 

r ••'" ' 

•, t>* No. for the -aountlns munbsrs. to have an identity vith rsspect to 

r?v' addition xi-sre would have to be a counting number. which added to 1 

grjr' : . , would givt the sura lb (Rercejaber, is not a ^ouuting niiKiber.) To 

* ' urove sorsethiny is trut- wo s>u:;t Dho^ it- tmr i?i ail cyr.or. 'I'o rhov a * 

^ K3: t ==:; ^v J '''>isri?rHl otstsment is rsct -true/' It is enoitgb to sbow'thst'lt -5o>s not -••y^^ 

i-- ' ' hold lii one special caoe, as ve iiavo done h$re. • ~ . J 

*»j'S"" ... i •• • 1c v . .- . ' " . • re* 

glWMi- - i ira^.-^g. ..-,- - A y --.6"- •• - -'I© •• • • - K *' %■ ■■ -.. -v. : v.^« s=a= =Kia* ; 

r. S. " _ " 

ppTaBaTmBaafes^.^-^^---^^"-j^^ — —----, »-^- — .—»_->_-!. ^_,.-, .-,,^ — ^ii^sASips^^^ 









■ 1 bbb 



;jfefcs^~- V ; " • " ' "-•'•"•bb« ! 



, r 



(a) ?>:' ~ i: ' (b) J sx - 3 



•(a) y. 



(c) lIJx ^ 5 

(b) no 



(d) lOOx =r 90 



hQ 



ana tttt as a 
100 



<■>>. Yes. Tr«e number nam»jd by f- is a solution or "?:•: =- 

name i'or the solution or thy equation "lOOx -- ho. To apply the tost we 
compare the equations 

• 100 •' ?>; - 100 • ;. 
and , - 

> • iook - ;> • -'so . 

The ;:;uit LpHyrc , 100, Tor tho rirctf^quavio:.,. end >, Vov the w-cond 
equation vcro ..'hocon so that tbo..Iei"t-;,and sloe;,; or Lota teat equations 
arc? equal. Thus, to decide i.i" "the two oquatio::0 fere- t:,\, same., vo need 
only corataiv ths.- two ri^t oidvs. - , 

h-.t. iSswor also rollovs dirc-tly rrom t:.c- ctatsmc-nt : - - t ir a;,d 



only if *d -. \< f 
btiQw, ) 



and d unequal .to ^sro. (Sco answer to Dvercioe 10 



umbel - named i.y 






4 i^ the no::i'.- ror the solution of tv. v-ouat :,on a:-: 
a 

tost, wo i.'OEi'yi'u tut- ^ouut ioufi 



irid 



u-,,-1 



.-&:% he , 



The multipliers, d ror the :'Lr-:;t equation enu :. ror ts.o ^c^oiid rnuti- 
tion, vcro ubocen so that the two left sides oi' both tcct equations gr<? 
!'(iusl . xhuy, to d'. : :'.:.idt: i.i' Use- tvo oq.ua t ion:-. aiv th-, :.;u^.r, «0 h£<..d only 
compare the two rirjit r.: idvs . ii' ad •• !■•> 
number. 



— UJKi — iifUHf- tJi<- isamo 



11.' 



ls§""- 



This question cannot be baldly answered yes or no. The symbol.' y ic a 
•hmune for a solution of .the equation 1 • x - 5 =. The equation 1 « x.= h 
also baa .a counting number as a solution; namely, x « W' We agree that 
.-these two symbols should name the -same number,. Our intuitive notion of- 
fraction oorrooorat-e.*:. thic s^roesj^nt: ^th." of a i»it? would be h pies. 



^s>™ 



•;-^i-.»j^ 







,.\.tr.' • •■ ?-; — ..T."t a. T .".; - 









SSeRiSSB! 



■■^ f.. '.'.r-r^-'.^ s-a'aTsg 



t W^WWW 1". OT-."!.. I !,.I,I :," ' ^'BB.t'-P-W> ' .,fJiy ig 



X 



f W " CTi'.n% ,-i,j . " a " "i^ ^ i^mv- ' .. « B< " W)ff l -.. ^ - ' l w^ l .f i l .ffl Jrffg y ttW' > i . i f in. » i .i k i . ■» ip<a * wwi i . B ^ i wa' t »,".WMB. | JWt ' .» *ti i3 



^^ 






* 1-11 

12. Yes. The equations for r- ami — are, respectively, 3# = 1 and 

,33x « 11. To perforin the test of the definition we examine the equations 

♦ 

3 • 33x «' 1 • 33 

3 *;33x « 3 • 11- 

Since 33 ^- 3 • 11 we see that the equation 3 * 33* = 1 • 33. «»ay be. 

obtained from 11 - 3x ■■= 11 • 1 (multiply by 3). The test of the ' 

* • 11 
definition requires that we multiply tho equation for — ■ , 3j* = 11, 

also by 3* Thus, by noting these facts we can assure <, urselves that the 

tc-ct is satisfied and save some multiplications'. ^ 

13. (a) > * ,(c) > - (c) > (d) > 

\ 



(a) <~ (b) < ' (c) < '(d) < 

(0) (f) - (^') • 



tyiv be resdllv seen bv usiriix the test of the definition. 



1 



an 
bk 

a 
b ' 



The equation b'Kx - aK • has the solution : 
\ 1. 

The equation hx - a has the solution : 
MultLnlyinr the first by b »>'iveG • 

Multiplying the- 5«-.>ond by bk gives ( v -' 

bkbx .- bka. 

■I 
10. We know from the- riven information that of < do. It follows that 

or * k < de * k w.hi -.:,': proves the assertion. 

l'f. To satisfy our physical intuition regarding rational numbers, we would 

1 
like a segment corresoonding to -r to be twice as long as a se^rnt.nt 3 

1 *' > • '1 

\... aporresponding to ^. , ... . .^|S 



g^,. 18. Vfe return .to- t Kb equations-"-" ^ = Ov, au r^-x~^-trr-~Wu^Trgiyrr^t^^-~¥n7r 
jjlsr ;"'' , > t . .respectively, we obtain - » • 



2 • 5»; - L' • = 0. 

. , 



sSfe?v*- — "'As these tvo- equations are t-ne same, — end — name ,t,he same -rational ' --ss; 

*?' "'-0.0 r ~l 

,E ' • solution, so ws identify with 5? and -rr . . -- 



^ J>*^.^A%^^H^^TKr*fi-fH!.i ( 1"(. , .^.^Wi».*lltfJI*0)J5Wi*«IW*i;^r! 









«»^7"rrvwT!«w«wiiw^^ 



,^*»r^»..'*v,-v J3.W-... S^ »„ ?%, . .<.■.*,„ . ».„**. I. , >, .,.,SWPb **.**- *i. .fc#.-. JWl.,,*.. -, .■• ...*« -I*., I 



..»*.,.. . ..,.'*.-wV. 1. 1. 



19. *es for mod !>. No for mod k, since in addition*"!"? having at leaft one 
factor to £ive a product- we "aleo have 

,• X 2 = (mod •'») . 



t • 



N 



£1. (a) "i.. * 

£;.". (a) < 

■ (h) < 

(c.) > 

(a) < 



(o) 3 U) 



(b) 1 (e) "1 



(») (j,1C) 



(d)~ "1 


(«) 


(d) 




(0) < • 




(r) - 


• 



\:\} 



Q <i'^ 



>> ^ f -J / 



(d) (1,100) 



o. (c) 



20. 



.-^ j t \ •• ; ,» 



V 






1 



*T?^s9t 



ifes^w- 



>*- 









B|^M|j|jmMMiIIIM>»»wWimtoim.^^ 

ggp-- * 
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/ ''-"-''^illtl 



■g-sa-aiiasats^- ^i 1 *"^ ■ n.^v'^.a.v s aL ■caitu : -&*• 
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Chapter 6 - 
•BINARY OPERATIONS - . 

Introduction 

In Chapter > the rational numbers wore introduced and accommodated on the 
number line. In this chapter 'binary operations will be defined on the rational 
numbers and the properties of these binary operations will be investigated. 
' When wo formulate the definition of these binary operations we win want the 
arithmetic of rational numbers to reflect, our past experiences. For example, 
our experience dictates tisat -~ ■♦ — should be 1. .In .an idealized form - 
a pi© plus * - i! pie is u pie. This is, of course, idealized; it is extremely 
diffi :ult 'to put two halves of a --berry pic together to nav,e a whole pie. We 
snail also fuse ourselves motivated by what weNre^ard as desirable features of 
a number system. 

In the last chapter we looked first at tIjC positive rationale sc the set - 
of all solutions to equations in the form b>: -- a where a and b are 

counting numbers . W*? then introduced aero us a rational number by consider] :i, : ; 
"■ ' ~ * . 

all solutions vo the equation b:-: .. where b is a counting number. Last,, 

» 
, we took the opposUo-s of all the positive rational;.; to form the negative 

rationale. These tnree sets, the positive rationale, the negative rationale, 
and zero together fpit. the -s et or rational numb ere . The* cowrctint. numbers, the 
"whole numhers, and the Inxocer:: are oil contained In th«.- <;et of rational num- 
bers and hence eu,:f : is a outset of the set of -rational numbers . . 

In naming these numbers w> r agreed to identify symbols such as ~ witn a 
counting >Hii;:in-r and fruitions such as - with a rational nurci er. Thoyh the 
symbols '! and - have differ-out ^f-neolo^LoK, we a^ree ih.at they name tiie 
same number. ISe words "worse"' and "choveau" have different origins but they 
; name the - same animal. -A person who speaks both Enelich and French would use 
fl the words interchangeably depending Upon the situation. WJjfen we define, binary 
*'^Sp1^i-PiJs..for tne rational numbers we shall want' the definitions iaade..i'n such 



lOf way that they agree with the known definitions for the counting numbers. . ' - 

%*^-— -The • pcjint of view of the last chapter will also be used in this chapter. • ^ 
P^e haw been assuming that we are •iiivftntin^ rational numbers. We have a _ ^ .-^ 

g ^ e i rT& fifTBnpcmt of intuition to guide us -and to suggest the final form of our •"•^_ 

^invention'. Our knowledge of rational numbers Is that gained from taking them 4 ; 

SfifBT solutions of equations. 'So proceed, then, we will mafce extensive use ox - ^ 

sttexts. For- example, ih Mathema tics - for Junior High £ -hool , Vol. 1, it is 










tissumed that thoro are rational nunbu-r:.;,' that binary operations are defined 
on th«m, and that the&e 'binary operations have ecrtain^roperticG. • In this 
text, for tea isers, w<? nrei>r to r;hov that it in not necessary lo ;;iak<? these 
asGUispt. ions .<;.inee tut-,,- can be rhovn to follow direct lv rrom tho definitions 
of i!i-i> oi'oratioYsG. 



A LI i. v I ...» . . 



Let ur ho;,"in with an introduction of a Liriary operation, addition. We 
c-Tiurl with cos no simple opc-Mi'ls-' c^so:. to illustrate the !;.otnod wo will use. 
Siii;o::i. v.-* viuh 'to find & rational munber to ,bo .'^llod tb- r.uin or »- and — 



'j'u ::urU,<,-maU, .'&iiy motivate this r-ius w^ return to cur r..-ani! ;( - oi 



wo xrunK 



I 
• — .1. . The sv:;iLoic 1 ^:.d 



juul. ion .">: - 1 j that Jr., ~ has the property 



; 1 * 



iiVil. r.-r. Ac wo via. to acfinw — + — t i*"-t. u." try to involve — and — • i-n a 



C-i.j)i"'.L - r."\.'iuC.'UC'U."L . 0":!..' VQ7 to CIO l--'.i.r i'_' ...O -•.*»' :, U' t.'.i' U1 N '.!'- ;'tS 

') 1 



— + 



1 



Ti. 



;ai;:c- ror 



1 l.*>j , 



•-> 






i«, o **-** ^-i- 



l: A- -curst L.v nMiv-wrr 1 «:.u i. I;: our IjvuU:i m a;. y»A, «•-• do not ic&ve & 
iri<_ - Cih unr .vr..t?^ 'rod, ""..o t:r r. 



- -. - 



to fj> •''.;;«• Oi'vrnt i osli 



on *,.-!> 



nliu:;ii! muj:0o< t:-. ru >j, t: at i r..' dirtri • in.; v; • lav no Id;*, tus: wo voulji be 



•Lo to o; taiii from 



? 



t ; : O r. t G t C ": C ' i'l \, 



t i 1 \ 



•11- 

If the distributive law i& to hold and f + ^ is to nave a meant nc, we muot 

11 ' . "' '■ 

agree tbat — + ~ is t]i e name or a solution of' xnc equatioa 



' But we Know that tho Jiqu'atigsi ;-y a S has' y » f- as a solution. Hence, we ,-| 

r-iiall a^roo that — •' — ^?;<5 '— aaiat • the .v-ajtio aui;i:-or. Clu -• — ir. y rjaine 

■ • ' J ' '" k ' ^ ' . ' k ' ' , 1 1 , *" ' ■ "^ 

'" . ' : 1 4 

jet us; .^o through this .in-.another simple ease. The -rational number "t -.-j 



^-y^g^g??^^-* 



■*SBKci;S' 



"mot^atft a' raeanirj(f for"' '7 +" ^j", wo proceed" 






•wrwfS».' , 3e£iat3t^i<k\^T.*-vv"" 



_ ... ^ _ w - ._... -- t _ 

soiutioa «f -th© esiufttrion 3» ^1, "or eipi-vaisati^-, $ »• t 7 ^ ,i* $a. 

orr. T.'ie at'iinitson C" — 




f^^m^iSi^^mViiiOpi»*'^'^^-¥-r;- ^i . l l t ' . 









^H* 



£' : tells us that 3 • i * 1 . To relate ? and - we write the true statement 

3 • - + J • T *• 1 + l 

3 3 , . 

* * 

i(- + -) = i • 

l l 
'This tells us that if a distributive law holds we want to call ^ + - a 

11 '"*' 
solution of the equation 3z * 2. That is, the sum ^ + -r should "be called 

— as we know — is "a name for the solution of je *= 2. 

The two examples ab6ve indicate the procedure that shall be. used to- define 

' addition of rational numbers. Clearly, they were very specialized examples and 

examples for ;whieh the decisions could easily have been made from physical 

"models. Now" lot us "look at something which "is less obvious physically. .To 

define the sum of - and ft we may begin as before. The number ; is a 
* - c.° . -' re- 

solution of >-•'. - P and f is e solution of by =. 3; that is, 3 • -^ s 2 

and . 8 .• 4 r h. To combine r end £. we may try the above method; combine 
. ' o' ,J 

the two equations: 

3 • £ + 6 • ^ K . V + S ^ 7; 

This time, however, there is a diffc?resjee. Even wit;! th-:: use of the distribu- 
tive law we are unable to group together - and £ . > 

What to do? The first step may be to ask w>;y the pro^dure failed. To 

* answer this queetipn we must bc-lear on whet thy procedure v?". To CO frost 

Ai 1 ' ,11-, 

the statement j * - + 3 " 7 ~ ^ bo the statement •. j^- ■* — ,1 - .■ required tne 

.use of distributlvity. In general, the distributive property is otutt.-d an 

. ab + ac - a(b + e) . ■ -* 

pi .... 

The expression i " *~ + J" " ~ secins tailor-made to use u distributive 

property as we have a •■•ommon fa- -tor (multiplier). 'I'uir, is, of course, tJ.-t^ 

reason for the difficulty wit;; 

;;< - *- ° 3 * 7 + O • ts ', 

^§B$t^^.& ho common factor! •• 

^.....„. Should this technique be abandoned? This question. Is important and 
Ig-tflSegervftg some serious thought before an answer is given i One line of thought, 
rtit lead us bach, to the preceding chapter and the introduction of rational 






a-- numbers and fractions. On several occasions we wished*.© ••ompare numbers . 
|Siaan»d by fractions. This was done in such a way that the new equation.-; had 




i 



. '.-rr.L.^.:..- Jy S^P M. :c ;■ .-jj-:H ^^g^ 






--4>-3-fl"",'-'' ■ . , * -H 

PIKSaiaaii^a uJ^vjl-j r-i^-r--." — -. - .• -V - 7 — ."Sf"' .- ■>• ■--' ••'• "*£• 



1 • nm 



B *.li*l..«^ a *. ^. l,..*lSJ«ft J 



n 



oi 1 thourht- has b^en useful* The iVaotion — 



problem, and ceo IT Uuc train 
•• t-!iO solution oi 1 ix - ;\ so 



*„ i '» !,> %J. v^.^ ^, s. * '^'1 * 



A. V* t * *.» 



( J ' t> • 



4) . v 



^i. aLwU.*.U; , 



vUvi v i. i ; ^,» » V*- \ v "j j 



V 



{ -. . '•) 






W.M ! U .:. ; ;j 



; , >; 



iui S.v 'l;,o- -nuniuii 



v '•' ' .; , ; * ~ •>■ I j, * "•) ' "z « - ** i ! 



:'Ci -•:"-.-', 






. r ) .■:.!. 



coi.ju^on of v:.<- c-quiition 



is.- 






1§- 



Bssp.5 



*j.= i '-'A-jNii '.v.. '• :-J>- i:.s- :•.(.•:. 



v "-.*> ris". iO;:is i ;. i". 



: . T'.-- :-<"- rex lonal 



nujaLersj ei'o tho ;;oIux.i.un:i ox' x.no cqu&i»ioas bx . a" and- ^ •, recisc-vt ivcly » * 
Hfy this is inearst ,'y * r = a and d * -r =■ e, Bq5-ivaleat.ly we havs ' -4 



^, „,„,,. „ jAi-:*_*i-ilJj.^v»i.-v V.i.j.jv. S-i* 







"- ; ""W 









E S^T-'few W JI' gl i l'. l l-L .. ^^^^- : ^~ 



^jtJ-'v" "' ' ; '- 



ijft-,-.:. 
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aw@ 



*a 






Uein£ the diutnil.utive>tpropyrty t'iven 



WS'sf -*■ ~r) - ad ■* t-'c. 
I. 'X 



Thv.::., iv t;.o 6)-; rat I on of addition iy to by •,-;:■: tended in a natural way to 
rational numtorn. w^ would vont to say that £ + - 1b a solution of the equa- 
tion 

(bd)z • ad -+ b:.-. 
This wouJ rt load uc to conclude- that 



■ and 



a a >f tc 



na-Tk.- t.'.w :.!tu:".c :.s.:;;:!«i;r. 



V 



Uu ti.i •;h\:,nf has l»d tu- to u '• l&usinlo nseaninr i'oi* — * — , Wo have not 

> ■ • - s. a 

offered a j ro-jf : ji rather an i-xu>iided development to motivate a definition. 
Haviiv arrived at this >oint, we oar : now wit.e the slate clea* and begin with 
the follow! nrt 

!>•;: initios: The: rnu;; of any t.-'O rational .nujr.! -■?•:; r and Ar 



a- ijiv- ( ;,v-;-ii !i lt-:ii thv introd-iotion to a r«lutivtjly nlnn ie definition. 
Ti.i-iv !ir', nwvrnl ronrons for t.-.in Vt-rlcnity . by doinr t:.in very slowly w<: 
hor-od to 'OJiVin h- tnc- r«.:a-:n-r that aciiHIon or rational must crn in th^ vorh of 
«ian and that :.u dv:.' Initio;; van not 3*1 ii.<.-rat>.-iy dvnijtncd to !.=♦:; an difficult 
as j'Grr!i]'~. '].';.'*• !--;'init : on van urrl'-'ei a- ihrounh a r«vi\;'w o:' tie iac-anin^ 
of rational iiuj.'iLci' and o dt»-nir«.: t ; . 'rOaisr ilnary operations whithn nave r>roj,>» 
ertion w« :.aw fo^nd ur.s.-ful vn^n work in;" vru, addition sand wyl; ', j i ", :ation of 
whole !iumi<r:.. ii rv;nai::r, os" •oumc, to n<- nhowTj tnat tnic ninury operation 
;,;0 defined d«.j»-:. :.aw t::t , r.'. j ranslliar pro,' vj't i en, on--h an -orrmiuf ativity and 
_* t associativity. In t;:«_< next ce-'tion we nnall study tne f»ropf;rtiec. 
|" Many texts in- -la dine Mathoraatii-s for Junior High .School , Vol. 1, nuo^ent 

ll§Ep1Sat .--we .add ^ -and 4 by finding a caramon denominator* That iS), one would 



si write: 



*s 



5J J J 

+ 4r - 4 



lo In 



I'iflL I. I iii'i "' ~ ' ' ' ' ' * 



Sta-^*. 



^iiil w 



* T?r{l6 + 13) 






2% 



so&ei 



BS^t^-rr-.-.r -■ 



in"'' -^■■■■— U_„ , 

^^ i> ''.. i ' f ': J ''' ,f ' t " r ' >w ^>W1 | l3DI^'*^"r^ 
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..*i££b .,.JCC ..(SL. !3!iWMi.^' 



. ■ * 4,-i* . i 



■tt&dxlm^k. _ wW< jlAl.inh . y«JU-».. ilubiMi m.^tJU'i. «;HhW<btHi>'th 



The treatment in this text appears to be c^eatl-jt-^tfTerent . However, the 
3; ■••■«'v^« *■-•«. j_« <ro"« N q philosophical difference than a mechanical difference, f 
It will be oeen that the mechanic:: of the two methods are really the came. It 



the mechanic:: of the two methods are really the came. Lye 
>:t. has heeri different ' u o emphasise to the teacher that \^ ^ 



• treatment vex thus te> 
addition of rational numbers may ue motivated and finally accomplished without 
multiplying fractions. The discussion of addition has depended upon the whole 



number c. That in, we 



have made addition of rationale relate to addition and 



multiplication Of whole numbers. 

To see the similarity of the two methods, let us review the method of 
this iuxt. To collect toother 7 and fj- w c -nultijly the equations 

-•--.. and s ^ 






>Lpvcf ively - In, Is £i 



{3 



and 



uj ; 



'Pi.i.-. r* r;\i, ; nun i iCj^ ' n 01' to.* 1 * '* 01 



5 • *,;•; -h • . w:,i '.', ::s:; a solution named 
V'i.i. scoon: equation i:.-- of the form \ 



"V 



• h.v 3 * ~j whl.t-:; \:Ul. is HOlutiOi': name-,* :y _. a j.,- • Jiv.Cs.. '•..', _. , -.* " >7 

•,vt. ;;•:••_' Liiat Vv jiave tionv tue sami.- .»yii\ ,..:. . o<.... „K'>...uu^, v..i,, ..... « -..• 1— •■- 



C-Virni-:. jTud-t'- t*'>:tc rc-r; orally introdu<'>- ;nu.i t ipl I. 'at ion s vforo acaition, 
t!iv rvBSOiir bvihe tnat wultis-l : i:ati on s^:£ uL'us.lur than oridition and that • 
n-.ultlf.li cation muy i c- uro<! in the imputation or :;uiats. jio^-, however, timt ,.- 
hot!: treatments use properties either to motivate the diceucsion or to yaiys" 
out the .-omnutat io:, : . 



'•• :s - u i' 



sassas........ 



Ure fh*. uef I :iit ion' of the cu;» "f iwo rothjnal ::ur..i eri; to find the 

'- ) .^ ." * 

lc» 'J 

From the definition ve Vsave— '— .- •— •• ••• • ' ->■*' 






iT 



which may te written a"s 



l«»r 






t :i 
1 ^ 



fc* 1 



The fraction -f^r naaies a rational nussh^r whic); has irany naraes. At ^ 
tsis- stage «« mil Bot. uyit to. ftnA ; %e. >iffipiegt*' .nsime. ..i^ 



nSrofSS. 



•J.lUMamiXS&i?. 



^Jk.,™... 



ir^Bfci^ 



jPi^ ^S:>'- '-•'- 



{^^pB-"^j^^- .vv^^if*.^-^^-.,. p^"^^.~j; ^•r«i^7^~^;^:: !i; ^.. iiW -5^^^^^,; "^J^SiQ^^ 



i"^J»i^:^ a -,-,-!~*-J" ! ^i- \\-'--^:... 



^^r.'. , -?.-- ; r r^y ?g*w» 



Clasc- Exsrcisei 



1. 



Use the definition to find the sums: 



'M k .* i. 






(«> 



U J 







The d'or.n of the unsworn to (c) fc;:& (d) of .. ].a-ohle;u 1 will not be the 

cajne as -ne forr-s cf the 2 mar.: ,ott.ai.!;f»d In t!.^vj*xt. . Arc? th«> aur.is themselves 

different? 

* * 

(a) U:;e ti.c definition to find the- gu:s - •* -f . • 

i „ 1 

(i ) Does t:;f- answer to part iu) ai-roe ritn tne r&-'t that 7 onh f- 

9 * ! 



arc fractional nafv-s for : « and „-, 



(fc'j Ur.w v.v 'j^J'iisiliun to f.ii:u u:.'. :;uk; -^- * — . 

. ,'ii 3 

) Doer; the answer to part \«j uchtv wit;, the fu,:t thut Vr- one ~ 

arc- r^c clonal nanes for ••• and 'f ? reGte -ti vr>Iy . 
> 



.* J I ; ( J! t ' ' » ; • . ;;■ il ' iu. - V ' ' Ji i 



i:.-. :;riary o^rs'-ion of a'jalt-on on t;.-- rfc* i.on.-ii :. »:sj "rr :.«•■ u-^n „:-tr?i- 
duccd and defiM'.-d. ISov -i.^ t:,-- th ,s v ~o ' .'iV-r-.t \j ! at>- ts.ir o; .-ration to :\<iiv>, i.;ist 



ul>- 



•vv> . 



» it doer: iiMVi.- tne -l>-r htvd j-roi-.-rtle;.' :* i p, i 1 i ; 1,0 u-iditl^;; 0:: u.<- 

: We repeat that thu ;'.-u::s Of f and -^ , I, d, / 0, In Refined to te " ■ ^ — - r 

the ^uis of — and -^ ia If;, solution of U.<; aqaut-ur; : d>; a-\ *- : .• . fin -o 

a, fc-, <r* , uiid u arc- whol'.- nmsi^n-, no s uv- id fti.d nd < 1 •• . Tt'i.j } 

r + -r i- the uoluti^n ol' an equation rrtaU-d with whoi>-- aa.-in.-r::, \>d / 0, 
b 4 ... * * - * 

ii' -which :r,ea:is t- + — is xhe tiama of a rational nuinuer. '.vs..- Jiuvt i.>rov*sd that tn& 

C r ~b iTia r y~Ot?gTflrtrtOTT^'n-vrt;dijrrpti--i-n-t';-c -i-a -rrfc' "f trt-tcrr-I s "i Grrcd7~ 't Si tp^tsS" t>T'~nn?' """" 



/ . 



W^at else can we say about Uds binary ou^ratlon? Let us ^a^uare ^ * *& 

fe:«n€ .• V5 s*r -»• f . By the derirsition of edditior,, ¥■ * Ju i C 












aMJ^-Ji^L.^olutloa of* the «<a,uriioa ^Kl IQ& * 3 ♦ '10 * h * :?. Sy tJ<e lierini- 

'"*"•' 10 t -" 




10' • f 



w 



"^33^^ 



•'■>-*■ '.la g 



JSksss?^?-' • 






loo 



i9*?a-* i w i W$A 



fdfirmt^MUj.-* IT 'j» ;^ ^*«.'-__li.»-^_. -if.i-1.* '-"**fW — 



iij f | y''^u*s:ny *g 



HlJS l i^H'ffiW Ml ^ T .'. " ll*,tfU , ■ ^» ^ 









Ttr'j 



• r.v^'i • V 



,! 



; ^:,v^ OOUfet-ios'JS 



~, ; or '*•>'.>." v:.o].'- . r.u."i: fr," ;;;uivirii''at-ior: ana swd/it. s or, &yo •o." > j;V-rcttt.i* 



\ 












;.ow 



« •*« (.'".r-iiiv i,Oi*lj «i V 



v. Vl.o: 



. ul, . '*^e ' 



fY '• *. 






^> 






, :- s .\:l 









fev V 



;«•» r&.-. iO; 



I'-'! LfilliOhJ 



rj.u.'^ o* T' i.~i.d 



j * 



]'•■ 



SfepsgsgssB? 



i 



^ If 




v*. 



: r^aj -yjiaa-i-aaf 






P8^if& 






TV7«;refeBtf™- w.?-y;j" -*t ■ 



-a — ^v^rAT^^y-T^yy-^ 



Thai, iv , V.v n:\io\wl uu^l^r j jj-tc %r a.n additive identity. (We have 

- : 

/>Cuin ve- !.ove not ; roved a funeral : ttr^'viich't. Hotter sr> in.li rj%ion uwo 



1 1 



•* -• >^ j 



« .^> >« v 



». \»A i i V. •*> >. ^> » — O-*. tiii^. 1 U C i.'.JiiUj^ , i^>^?TT'\ i . J. r"~ » 



!^/o /0, 



v* i ;i\rf \* JL '■a. *.* V Jiii v\aJ. > l i >i : j \* \i( \^1 v.> •, \i », t j I 



I J" it* i'fc'f\6t.r<i].csc Oi.' Wi;i;>! naae v>_: uau x'or 0. 



e^ain} ii;.' ( 



*.-J UC w.'U '. 



«.'.« >. .-VSl 



I >. i I, 1 1 



Y iX^ t;l«s two u: 



eouation 



:tv' - -'!lJ,> I, :,riVt'-!jt Hij\ wi.O ratj.O!'U;J. S'iUiUi-OrS- fetid. 4; 



♦ - 






\ & JV l'i.U,"i L ] 



Lliiu\it)" u *i oiU V'bC 



'(! 



;.UVf" Sii'iX'C i '<->!:fit - S!»d v '.iii. 






; 

;.<;:,; • :'. A., ••; jc.1 - .' vil: tor s. .-:•,: s rr <..' I". :. tit.; '^i.o;: !i&;iKC n&C ,iu:;t i eon 

•iv--;: • \.'v v: .>„=]•• :.:::;: > rr , :•■■;>• -. t;:j;! j,, w- j.-uv^ t^^O v.*ays 

*v« ;;,;j v .- .;;•; •• - _ ," jj- v.- :::ay do I;.- ;«-Jku t !<■•: u'lh^ 



..•?.! 



r 



! i: '';: ,: : ; ..: ! .' I;". 'X:"" 1 '."""' 






'i , ay ;. ;u:; 



o; v:.«- i; '<x "• - '»*•• '••' :'.'■>• -•-• !,'v;' -.:,„■• r. •: .: • :\ • 
Lv. ! .' ■••u,i .. \ '.- u iu •-.'.' ','L' :: ■:»■:« -'.' ; ;_>.v . , * : ; •■:. 



r. -.c: :•■.'. :|.y ;- jrovrcs .-inuisrly 
lull,: :"1;: •■:' -OUiR i;,,_ , a: ; u •.:.-■ 



rSi^^^?"A^ 






^r£i5ji?(S**w*l>s;».L..L.!.t 



^^^^^fr 



■^JHi- 



, ,, ' «4 ^s^i^- 






r ~~WJwr=M*$«!8St 



"lass lixorciaec 



Use the definition to perform the additions in (a), (b), (o), and (&) . 






icj 



10J. 



(!,) f 1 " * 







':• ) Urf; 



( •) 



^ a ' 5 * To! * 

(e) Oosnjare the asiow^ %o \& } &nd \i* ) • 

:>••-• ai?rw«r to ; fai to nut (f + -' + ttt in fractional roria. 



( *) u:,.c ti.-j ansv.-r to ( ■) to j r» - 'M~ •' r?. 1 «- -rational rcna. 
{>•) 0o;;h wrc L:.5.r aijjiwsrt; to (': ) and. (::.). 

t'5 ' " ,. . . ., , . r 

jtit — •; — L>: l'::-iJciLt..::aI j'oi-t ucinf t.\c •:<.:; uutiorj o' «aaj.t^o;j. ix> 

■;,j. .,•;_!■ .';>;; O.'ld ; ill-' li *5.*d L t *. ! : ".;'".:., i'V;': i:'U '1 j.C»i;;jL ;jC2K;C;^ ;'OX" I.!. •.';''' !'l;wiO;itil 

>i' v:ti» !»'J'C » Uo::i : ^y 5*i ■ youi' iiiisv.viv » 



'j ". o:\. 



r-oiii-onablc. Ihat In, i.':s- oi cu^lici-: v- ^.-.J L acidl-tion If *Ysi i'int-u exactly as * "_. 
our reauOJi' U-iib uu it -,U.d u.-. ,:ta&-..i,tG v. ud to viov rsrUq^I nusftl-.-rs and _J 

pni.w^'ni'f <^>'' t^.r-TTi bj> siVr. .r-riOU". "i'iiJ.S ,LC Ssar'vi'.'UXiii'iV Has iuJ' dv-iiiiuin =,~v 

Th*- judicious ur-c ol' ceuatiODS \:aa dispel nsUoh of tnls ls^c-iioi^'* 'i'ho ]*ivop%ir- ..^ 
ties of additiori^bd of Gi.ouid be ctr^^Srd. T:.c- notion thaC J « and "^ ;| 

iiiu^t bt. id^iAiii^'l ii- ^«o iV«r.' x ;'; i'ox - titc- .'•.•j::^'. :..j;:s ' r . ;: : ro= as i^' tvo : --^ ■-•:■'-•_ __, 

at thi. roxnt. Hovcvor, %:x- r.*v.u-U-s«t vUl iv villi.,-- io u-^jt, without any 3 

di^. - uncion, that U and -r sr^ tvo nasaon i'or the swaf ai^her. *». 



fW**f'*—~™ al ' r " 



^»J. 



X J J 



?f? -V-- 



_w .-a**™. 






f^?^Sfv^*Xrf 



F;w3Gh^^IC^l-V»3k5C33€£ — •. jil-i it<j 



A "eacher who Ls confident vorkinjv^lth rational numbers will- be able to 
instill this confidence to the class. Operating on the rational QUinbers is not 
difficult. As h«s been seen, it depends only on a good working knowledge of 
the wbolu nuKiurs. Class Exercise 3 &ay be used t.o discourage one prevalent 
Talso ides, ;.-sri.ii'ulsr.iy if illustrated wiui: half dollars. 

Students ronerally regard mul.tij.di :ution cfraticnai numbers "as sisspler 
thw addition, There are t>rob£blv covers.! reasons for this. To be^in with, 
addition is Introduced throucK the use of siulti plication. Secondly, as 
toncher, w<- rtenerftHy v-crt oui\ students, to be efficient nnd use the lowest eom-> 



men U'" nosainoxor when odUliv, 



v-> ire.jc.tMiTi ly marR or onswor wrong siisiiHy seeause 



i. v a. * 



..^^^ >T.-..'' 



redvci'u. 



_ iJ.-.<S ^J 



uskr. 'on* brossem o" 



irscisionai for::.,, boiiociii,' oar Method "Lhu ;:tSu vould 1<? 



>.Q' 

10b0 



L;U,S ;. V lilUifL . : lying* "C-:.'C ecus i.- . O:'; -,1.x 



it ting -r-»- + r~ a 

via inotivauod 
end ju , 



•oerri -sent. iOHQ. The cosine 



eoefi'iciorb. r ..;. ■.■r.tr u.', 1 . ai,s"Lril..;",ivi, law. W-. coald eisG have obtained u 



coiiiitioji ;ooff L dors o;' ibO ;•■.* ^-iltiidylny tr«? ocusvLonn by 



ana o. res- 



* ;•> and s ♦ jOy - b « Y or LdOx - tb 
-} <■'<"'. I"v Lc :.riK- t-.a'i our cf :ond a:p««- 
■ »:/.'j:!!2v<.r -pr-r . bTi,= Io i;; not mauks;:i&T.icai 
reason U;r tui. : .vy '.-.ojOc;; ;ai . wo ::«;;*! roi'no»i!.-or t:.3'0 ix i.r i.f-tt.c-r ^0 ^et a 
correct en::v-.-r' ru'i.-^r 'unen ^o vorry too ;?U: -i. ib ou\ ?':,'bi--ien.-y . 

b:.o c.-;."'.\'.»o oJ ecLu^.o;. a* ;u'v<oiJ.y i-u 1 .:, ;.i i:i ".no cLor^^ntaj'y rrados is 
i' uJi.i J.]':' S "0;.'u:.'.')r: Q' :.Oi::!.na"uC--i'« '■'•";.' .'. ••■"■. ". ',.:',, :""» , U't is i • •'ji'j.y 



jiC'v. 5.S. V ! J.,; _, , ..O ! .J< v.51.:: „.' ^ «A 

and IbOy • ; 'mr. Ib0(x 



i. ' > . ' 



y-.c- :-t'i-de»b. c;-.onUi t-r.-oroum: 



..<,.-. i •...' 



I,., Oi 



SSCsifi ill," 01 V itli. 1. s.O:i 



.y' I >: '■=■.>-!: tnau rational nujn- 



:....!.:,» ..ti...'. 



.;.'< :'»;.!. n*^;:;t" vill aiimd on tisi 



.> !t « *--* er., ... .• 



o,j ^;uxti :. !b •;.;•;. ;ou 



r 



'is© 1 * - tna', feddbiion au ; a-avion-'i J. ;;:tt!i..vjT • "i:; !-.' ■ "i>. Lrr.rodiiyi-f] , wo wis): to 
|. introduce a :^;-onu ! in&ry opc-ratLon. Tiib ojf'ration oi' sddiCLors *as i?;oiivated 
^. ; . w tnrough the pronorties *tnd -otk» rations oi" tn^ ^noie nujau»rs. 5.'ne second binary 
p-.r'" operation, "Siyltinli'-ation^ will al.no by »otivatod'ti;rou(b the whole numbers. 
^ * ,tr>t uc loo : \" i'lrst a", an -x&npie. The ratiorjal nuiiy-ci' 4;- is the •solution 
ft- $f the -squat Lo j ^ >x j ; *- * if ■. J. ' Also^ 7^ Is tu^-^IutJ.oi'i^br the equa- 
; g-- l-^lu^ L:/ ^ 1 ; - > * £ - v.. I^u- uuiuLl^l: jj y^d i hiiVc t ; well oovor^inou 












*J~ 



_S^ffl ^'f - ' -- <- ■ .^.s.-^^-^'w ■**■- .- - 



^ ^..^^.-l^., ,™^*.^i W ; :T . „... . 

•" * ^\ 



_™. — vr^^ii^^S 






they, too, hnve a well determined product. Thus, it is Jiveaningful to --rite 

. {k * h • (5 • I) - 3 • 7 . 

Keiuembor we are merely exploring, not proving, and so may use a bit of sleight 
of hand to rewrLt-o thic equation ac 

('; ' b) * (f- • -) '=• < • 7. 

* 

(Here vo have j,rd-::e-eded as if it it jnefciunc^ul " to ure associativity end con-, 
siut-ativity i\>r the opsratlon a' multiplication with rational numbers.) 

The. " displayed -equsxlon above dq4s' Eugcest to us that ^ '• ^ should be 
the solution oi' 

( . ^U . . 7 



Ti j.0 ~ o 1 ut ! 0" o ; 



i> r i.> 



CQUiit Ion L::- nasv.-t! - r » ^ ; 



reasonable to. 



:5tO' T 






o. <..:.!.,- 



;-.-d :..• ;: 
d-, ::o."., l:.t-. ; 



..■;.0:>„ ^.^JU" i*&tQr 1- tiiv 

■ s ro-.iu '■.•■"- o:.' ui.e denoriin- 



■* 






. : "0f<1< Oi i'Qtr LOi^&X ;;,+!l' ! "1-ri". '>..'>• f vS i."0!i i m O'' "I.;,,!..' S_! ;-l'OS.-"Js i-' &>= W-'Jl WO , to 

t!.< •••quai iuu :a»;:til :.;: *A' T'sXl.u-i] n..$i\»y£. -t;.«- r^U^.o; nu^br-rs are <■ • 
kno^i i.,: t rouy:: vquotios^ .*:>. i 'i;;* >"'')uat lonr\ Lavo- : >•■••! w.'^ ; --o n.utiv^i...- U:u dui'l- ,. 

nation to :.OGCi_;:;; "-0 :;u;,_.e^:. -l.:.v.-::i."- g; c-rat : .o:;s U> ur. Ikvlnc. «rrlvf'd rst^hat 
seen; to t£ ircaeoAa^lo idea." oi' addition and. aalti.T;licax. ,io.u, wo T.hou tuov tiia'c , v; 
..''ths p2 > '0T.>eytie,s hold. *ther treatments take the 1 properties for yrturted-aiid -;;;§i 
show that the" def in.it Jons rdven/aiust be tup dof initiens; used, Tho avt result | 
gf*»-- -• is. of course • th\? sftiis ODsraxion . • •*» " »>»?? 

I^"~. • . ' >pV)£ alight dl jTrrsnocB in Lntroduoinr* rational nu.;aLs-rn arc not ac. isiijor- "3 

SBE^-^csafc^s^saf'^^v, tof . *k^ » ,-i-»i^ j vi-r-^tY "in ths "M'v'tr text's • ""This P5.j?i3.i€i^i i "y Is © Y^dQf^sf.iOQl*---- 2 * 5 ™* 
s.-v sijuilaritv . Bdfther tlsua s.-i'^stisivl. tat'.ai , i"i..;"i]uut'ic ol r&t.iori&..i.3.-Si; in irr - .. vo>;a'*ilo -. ^ 




T-T , ns™^r^- ! r:i--c^-V- 



tWJW ' l '^1!iB*VW V.U33SS] 



^^Ir^ 



§| fe?t^^ i Pw»Vw»i 



^ V x 



IS^J*^i^^-?«^^S;-=^Ji^^aHL2Si«™I^£ra 






K£3^*i 



"V^v * 






soiaetisiey.ask quecl ionc about mathematics that seem "naive but are really pene- 
trating, "Who decided 1 + 1 * £ ?." or "Wio* decided that * + .- - ad + "^ ?" 

, ' , d . • d . bd 

These end other quest ions huve answers when Mathematics iu developed rather 
than merely presented as a fact , 



Class isX'irCiscH 



O ' 



9. Use the definition of Kultiplioation to % find the i>rod.iat -i- » — • Dogs 
the answer a^roe with the fa-t- that, t 1 and ^ ore fractional names . 



10, Ucc "Cue- doi'Lniliore co find t,he nroduet ~ * -^ • Is>e-c> tnis answer 

ii(. v rL*-;- «!,«.'. u>ie lac^ u:«v -^- ana — &rc % i. ra.--c.:,onai n&:neo- for count.m 

1 



V 



6,k Proportion of i4uf tiniicaf ion 




would lik>. to show ;,-,ui :;:alui;4 L motion or 'r»r. iO::ni -rn;>;<i ore, t;n dc-l.ru.-d, 
'uu wf'll :».nyv..-i a:; uddiAlon. rY-f/c in, ~e would like tb s;»ow u.nat ;s.:lt,i ; li -a-' 
tion in -lort ctT^or^uta-^ive, and arsowii.- : v- , in/rihco^oro, -..v.; like to k;.ow 
that "Cii^r-..- iu t;n i.h.-:it L"£,y wii :. rcn;»-'t fo ;;.nicLs.if ■;':'. i»i:: .-.-nti l;»yf niuitis-ii-.'ss- 

tioil 0- ! ' v '*l*'i • <";V^:'«ln in a- •"•"-~t r-:*. *"' ! ;"iVl >'Vf »rs"t ". 1 T .3 • ■■-'! n r-,i". <-. ; ' :•■'•■■"■. I, -- •-.ij»-i ."■•■ ■- 



. -ratj.o;iiii nuiii; ers r- una — i:; di.;'< u'.-d> Lv.\ !.-.- ■— . xnt i-Vaulol r-r u«aj;«;j5 tn? 

r h u % ' i.-d J?U 



:vO":u.-t of ti.e 



bers in a^ai!" a retioi':i;i nd::u.^-r« !:>-. (^.i.vn-y o: *-rui.;.oh*G:' ;:!u3"i.Lj^I 
elocs-d. " ' 



. < ' i?j ; :" 



lx:- •'iOi.- 






anvi.i'vlo in " .*.- uirjl'- i:.; you 



gannounee thic faet. His reaction iy sj-t to ;e the boau:d "Do vhaf," or tiso 
^ g^^ -#0gai»t i ea ted "Of- course *'' It aay well be beaeficial 'to. repeat s«!^e 
^E&^aples of binary operations which are not j3s5sad; Subtraction on the set 
^&sMm>ia« nuxsbers, division on th£ ssi of whoJre--nusibere, 0;r anyii-ipiication 

^S : tiio' sot of nu:nboro -I, p, 3« ^- .■ 



*sE^55s^#5gF3^d :S Nai>lif , --8tl'OS <?on5Btt,itatiV€f i '''' For rat-lojvssl ntiRbs-rs !-• and — *-t:h"Ln arlrs- 

*m m -" - " ge" 1 .-it 

^^ir-two fractions ~ aa.d>-~ nsjae the saa^ nuiaberf Usin^j -y^ c-c-BSRut-atlve 



la BXta d * b B db 



r^;r^;.-^5S*^ 






^f^^^^^^^r^^ri^^^ ^l^^^l^a^ 






the second fruition can be shown to equal those -of the first. Hence, the 
multiplication of rational numbers is commutative . 

' Given three rational numbers it is not difficult to show that the assoc- ' 
Native property holds for multiplication. Indeed, it is so inore difficult to , 
chow the associative property in funeral than, in a special case. Some 'examples 
will Wrtivince the reader, of this. • 

The number 1 has a special property with respect to multiplication of 
whole numbers. Does this property" extend to the rational numbers? Let us" ' ; 
look at an example. To find the product of 1 and ^ ve must first rename 1 



IP 



with a fractional name. There are many names to" choose arom; suppose .ve Jse_» 

* h h * l 
The nroduet - * - ^ g. ■ .;. 

a:*, ncniod b 1 -* = • 



'Tne-.numLer nattcd by ~ is the sane 



.number 



To chow fnat x 



multipli. -alive identity we ur.e -he name ^ , k / 0, 



a .. r. a ha T 

for 1 and take an arbitrary rational numuor 77 . kgv 7: ' £ - ~ * ±l 

r} - r \- r ,r-clz<i 15 of Chapter h it was shown that -g and J naine the same 



•Ni.;m'j^r , 



We frequently write uhTb a: 



r • Thus, ve have proved that 

1 i- th>'~- :unltlpl i v v atlve idonthty . 

In-.- w:.oiw nasi err. ^ave U-on iCenMfiird with -;«tuin rational n-anhorc, 
'-/;..-•< we »;-'•'.' tn'it the w:,oio number:; arc a Kaliiet of the rational numbers > we . 

.. .,, a ., ••.,,■.., \f -, ,-■;'.. <-n~, ;-,■■ t' 1 ■•"» rn"-io:K".l nu«n-ero tnat solve the sa^c eoua- 

. ; ,.v ls ., .,. .-, -;;,.. .. r j.r,-, fi .j;u;--l:-i.-rc. ' Now" an or "ret ion '..-ailed snultiplioat ; on has beei 
• ...,J^,... f ^ ,-,.-. -=•.,.. v a i :^.s.i jiwU-ir. Lk.s-nia.-ly tnon, there u:v two forms of- 
:-. i]i.: ; 1 : .>.'.'t ion for whole nu;:^ err; : T; s e ::sultij li-'ation a,: learmd for wnole 

rc^rd^d*.- a subnet of the rationale. An an oxalic Iner,- is tuo product 



>,.! >" 



V4 



V> . oh 



i .. -:f"; 






.hen the product 



1- 



or to be 



.--,« ••'ill:-. It true in ,"f-ncrul; the ; rodu.-u of %:<o vhole nuniber. 

^ _ ,. -. ..,.v,f -..-.- * • •>>■* •-, --(V'S ov with u.--imul :.^:'^raio in ti.e ra>ue. Tints is much < 

,... . , ^ ::,, ,. ,,. ,s ..x..;/-!,r. -r.m.-. w >-i t !>::'.<. -t. 1 .• i.-roi i<i!r. . If one Student aces : 

Line ±Y\V\ ana anc^ner yytu U4.a'..;., -^.ne w.v'.iiitu, ».o«... *■* — ■-- ™~i - ~±-->* « v ^ 



ai-itisai-ti.-al tc^uit will i-» 



;.o ^aine. 



-«*<« 







^^^^¥^rrg^g7^— >j ^-— 
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liv^.—'i j.^.-vn^ia.-^ jl. jr.-. jnr-..; Tj.n-\a^tr:aj 



J||Mj* ,4 >iW 31i\^UV-iSv» =Krts=— : 
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Class Exciv.ii-cs" 



11. 



v ? 11* ~ U 



rl2. .Show by •omrutation %ka\. 



a , 



u 






* x ? 11' - 






11 • 

cu the ^qua^ion 









it! 



id) - ' - 



1% 



ji; a.', •„, 



— ?, IT. ro, in >-: ; £\ :•■■' r; ; *'t 



6.5 '-j'-'.-P j;.s-;.ri' ••»'■• '■"•''■• i'rO|.---j:-vy 



j ro; 



.*>; *.;.<* : 



., -'i • .» 



"WOrkiTii" ; Ji* : _,',v d..'"^"i! U'-.W' ! TO; 



>js=m i rr 






,» , . f , , .», _, 



_ . t-L. . - ! 



-> , t± . «« 



" .» *"* ? * * f '* 3 



^-.coiripul;^: bowii sldt.-a auci. i>50 t,t*at i.uuy ubiuu vuo ;;«Aiiiv .r&w,;j 
fe^&l'de can be expressed an rolioyc: 






iW l.Oit, 



(JSEL 
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bCAt 









"^'V* 



T£sH«r?™n — '-s;* 









3C Wtt»li |^ 



' * f'""-^ .-aBa 






"V --V-^iigBSSS 



The lent, iaoji uses the distributive property for whole numbers- The right 
side cats be expressed as i'ollovs: 

,a <:\ ,a e\ ae ae> 

v b d v s 1" b-d pf 

(a^Wbi'MndW.ae) 



(bdj-(bf) 



a (of) + a(dc) , (ac)*(t>rW(hdHae) ,,.„ di ff C rent 

The "wo fractions -i — {y-^f and ( bd ).( bf } wv. ^ui-l aiuoitnv 






*huv name the samo number? Using the properties' of whole 



numbers tho two fr&otioite niay be rewritten as 

'aa' + adc 



1 df 



and 



b(avf + ade) 
b(bdf) 



F>- ! -v-i C'l^v* s-verciso l'y or Chas-tc-r ", it follows that thb two fractions name the 
oai:ie rational nuniser. Tlsua, it- hao boon shown that thc« distributive law is 



• / 



/ 



jo:.- 



" With u-.<- ii.tvo'hi -Uo;. or addition u:id £valtl;.]i -ation it ir uocuibU- to 
.=itrodu.- :-,.!tra-tlo!i'a».d dlvi.v;oii. OuLtri: a Lor. and division uv<- iiot to be 



(■■.-(•.yS'.-t ar »\f^-; Opt r;,:t.:,oi 



It -hell ':'._• ::;.cws: '..-.ft 1 ., addition ufrl •::«! Liislica- 



tiuu -u:s bv ;!:v.d to :;olv--- \ ro: !.< «-- ^ai- -st- :^u^J.J.y 



llv ^onridereci as subtraction 



Wo irsrjv dc-tonalm: 



o !.-<".- ra t. iO:i sedition u i";l.iouul dumber '•.«• <-ail 



lo U'-^-.;1":m::' 



rout iiii vyyi 



utlonni :..«au-r w- ,U1 - -'- , »o inuy n'o-cu :n a 



LI ' l'l 






, 4 



4. . 



1-1 ' 






jj Sfr^aaSfif 



SrofSR^WS- ^^ '.;T ,r.'-^ 









"■witev... 









*=#»*=vlR*"»i*« 



(In the third ctr;. vc have made uoe of a distributive property or iriulti;-li< 
tion over subtraction.) - ' 

V 

Lot uo look deeper into tile ineuiiinp of the ratior^al mantcr ve call ^ 

UV UOtf or the- u-qU8" i,Gi'i 8K:'Ci;Cd. wii^f! v.'C uV&J.Uaty — - y ,< *''- >*!'i--f'2*Si;l!, a 

value t'or a ru^lv-liial rjr •• X ^ • Thir: : r- •osnnara'hlo to cav i nr \:.hI \,k<. 
solution o*" tii^ oqulitlor.'' v + n - Vj Is lj - ;>•• To w-\ more .*lcuriy the 



rsslatios:- oi^fu^traotion to addition lot uo ^oe t,i 
i'ind ^ - ^ . 

< s' ' . • 

When we attcKu-v to solve this oque.tio;; v.\: e^ro ackirifj: 
nuflibor whi-h; u;a./ l>v f:ut;)t Li-iitc-d-for ;-: In 



to 



c. thtre a rational 



to .-sake a tru- rLutt^sosit? To huvo -r-Oir/.-t:. uv 1,0 vfclk abo':a,. Ut, ,;s t:;£hk of 
>: ac U riitlOLui renter, — . wo v;.r.J; to d'»ttn:u."it. v v:.o.i. , ...v.tr.: - '. , r rot i.^ 'w::--?! 
fO;' UJ!'.i V :*U'!; "s.:'i&X. 

•■ 7 v i 



u;>i.j;c 



*,..»» ft V 



• v + .'u 



£* f ^ (** ,( i > i *J 



•'11 



1.0 ui -'U; >. ! t 



tivut -J its: 



:u, lO:> o; \:'.i 
:3..-o: v for '.: 



:v5 ■". . Oh." . .0 
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Xt HOW £t"-I3J.' -'l ! 3&r tti&'v WC L"bOU-LQ. ti'V V — .-.1 iaiiU U . • *'i.u. iC&iit. tiifiut' 

values fof u una v will mai-.o -Us-" nttrtcnout ;iu - ."v u triK- nt-rUmr nt. 
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(:dJ iv i.<> nrt'^culod. Tiiii" .'Rot 
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>.<> -Jij •.-!.' 






the TrarttiOils ~ s^d ^F nsroo the aaino ma&er. 



tcwKi?— "t-r- 
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:o actomunc - ru^n t.i«vt 
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t-o rci/ri ;u?iy tu vri.VUn u; 



:l v 



t-l ; ■- .>>■ 






~ra.iv 



.alley will 
. J- 



-y . TLLa lattur mou.od, 

■ > ,.,. .> * •-., ,- i_ -ii .,\ 11 •:. .... 



r"!:u;.. t: ',-, 



iii:U 
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irt t.he ;-ovu;ih ,/rsula. j.";,i- r.'li-;.a moU;Od h&r ti;£- Sdivbivia^v ai' :*:">, r-r-nsia.r. oar 
fcgcic ini'orsiavlor; stout, rat-loaa!:- # "> 

*?!>?'« 1?:'' wr.n'i-' ssansi >-"2*;: n> 



, ,.} .3 4' 






"xv*... ;$*Js*iisi.*'^i ,, l* ^ veSi issfc^V" - w-iit*i^V Vv»i.*i Vt? ,-.™^1A« Vi4.**is? Vl^i&'V vtw* JiUw *<*& v'i"^ trO^.'i.* v^'CV*." *u .v*;--.. ss^i? . . c^s?"' 



D: ?! f ."Hi- ;.■'•; *£* ' 



i*j» ! i ( ji *t* j ' 



■>!,!.!» 1" A hv.»,: W 



-/ 



-. — ■* X 



* 



■»». 



JMj^^^eS IT'' J Tf^- M ™T.™^ J m J imV.. 



, :~v.— V — -•-;• H-fflr- 









-4# #' fc --^-- -■— 



asm 



IWi , TrV.Vvr' r ^ J ^^»==:' 



3^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^ 



^»Trr»i-»3CTWTyTttaK3t#^MW»3aa^ia^g^iJ^N^^ag;-;i 



There ie :'i rnliunul number solution to thin equation but it is the negative 
rational number, ^- . Problems or this type can be nolved using the methods 

previously 'drw:ribed. Hovcver, they require familiarity vith the fundamental 
onaratiO!!.: on intt^.-rc . T:;t- will !••-■ i-ummr>ri ::ed in the lart region oi' thic 
vhui-ter. W.- should, hovs vcr, keen ih .-rind tnat tj.v r^^d-Jiv:: illustrated 
thus; for with non-:=c,:ative ration;^] ns.en; muy be e&clly ext^ndud to include 
all rational mn;i:«or::_, pocltrvi*, uej-iaivc, and ucro. 



6. f iJlvJGiO:; 



U!v.'. inn OS' K.tji 1 ,'' ;i'U:5; el"'" v.'s. ihti'odu '<'0. thrOw'.n '..tc rtfiiA iO!i::.:»i| 
sXi'atlo;. o;' v.'.ub- n cY* or:.;. Corr<*:\: oaai n' - to u»e i"«uj. - .. I j l.L''ut>cn 
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